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Geologic materials contain a wide range of discontinuities and fractures,
which are central to many engineering applications and geologic hazards. The
fracturing process of geologic materials is characterized by its progressive soft-
ening, termed quasi-brittleness. Also, the fractured surfaces exhibit a number of
features including frictional contact and roughness effects. To model the discon-
tinuities and fracturing processes in geologic materials, the phase-field method
has been increasingly applied, as it has an outstanding ability to handle complex
crack geometries without using tracking algorithms. However, few phase-field
studies considered the quasi-brittleness of geologic materials. More importantly,
all existing phase-field approaches dismissed the frictional contact, let alone the
roughness effects.

To fill the above research gaps, this thesis develops a suite of phase-field ap-
proaches to enable more reliable and systematic modeling of discontinuities and
fractures in geologic materials. These approaches focus on four different but in-
terconnected aspects of geologic discontinuities and fractures, namely frictional
contact, shear fracture incorporating friction dissipation, mixed-mode rock frac-
ture, and roughness effects of rock fractures. In the first approach, we incorpo-
rate the pressure-dependent friction into the phase-field formulation by employ-
ing a crack-oriented decomposition of the stress tensor. Each stress component
is calculated by identifying the contact condition at the material point of inter-
est. We show that the proposed method can well reproduce the results from the
standard and extended finite element method without applying any algorithms
to impose contact constraints.

Building on the formulation in the first approach, we develop a phase-field
approach to model the shear fracture propagation that involves friction dissipa-
tion during the fracturing process. The proposed formulation is demonstrably



consistent with a fracture-mechanics-based theory. We also devise a new degra-
dation function to avoid the sensitivity of material strengths to the phase-field
length parameters, allowing the proposed method to model quasi-brittle mate-
rials with prescribed strengths.

Next, we introduce a double-phase-field approach to the mixed-mode rock
fracture by combining the formulations of cohesive tensile cracks and frictional
shear cracks. The proposed formulation is essentially based on three steps: (i)
stress decomposition in a crack-oriented coordinate system; (ii) calculation of
the total potential energy according to the contact condition; (iii) determination
of the dominant fracture mode following an energy-based criterion. We validate
the double-phase-field approach through qualitative and quantitative compar-
isons between the modeling results and the experimental results.

Lastly, we introduce a phase-field modeling framework for rock fractures by
incorporating roughness effects. The proposed framework aims at transforming
a displacement-based constitutive law of rock fractures into a strain-based ver-
sion without introducing new parameters. In doing so, the continuous phase-
field method can accommodate the rough fracture models originally designed
for discrete discontinuities. Numerical examples show that the phase-field re-
sults have an excellent agreement with the results obtained from the extended
finite element method.
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fields are drawn at ûy = �0.66 mm. . . . . . . . . . . . . . . . . . 103

4.6 Cracking from a single flaw: comparison of simulation results ob-
tained by the double-phase-field model (Mode I & Mode II), the
single-phase-field model for cohesive tensile fracture (J.-Y. Wu,
2017) (Mode I only), and the single-phase-field model for fric-
tional shear fracture (Fei & Choo, 2020b) (Mode II only). . . . . . 103

4.7 Cracking from double flaws: problem geometry and boundary
conditions. The ligament length stands for the distance between
the two flaws. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.8 Cracking from double flaws with a = 45� and w = 0 mm: simula-
tion and experimental results. The experimental result is redrawn
from Bobet and Einstein (1998a) and L. N. Y. Wong and Einstein
(2009a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.9 Cracking from double flaws with a = 45� and w = a = 6.35 mm:
simulation and experimental results. The experimental result is
redrawn from Bobet and Einstein (1998a). . . . . . . . . . . . . . . 106

4.10 Cracking from double flaws with a = 45� and w = 2a = 12.7 mm:
simulation and experimental results. The experimental result is
redrawn from Bobet and Einstein (1998a). . . . . . . . . . . . . . . 106

xiv



4.11 Cracking from double flaws with a = 60� and w = 0 mm: simula-
tion and experimental results. The experimental result is redrawn
from Bobet and Einstein (1998a) and L. N. Y. Wong and Einstein
(2009a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.12 Cracking from double flaws with a = 60� and w = a = 6.35 mm:
simulation and experimental results. The experimental result is
redrawn from Bobet and Einstein (1998a). . . . . . . . . . . . . . . 107

4.13 Cracking from double flaws: comparison of coalescence stresses
in numerical simulation with the experimental data of Bobet and
Einstein (1998a). (See Fig. 4.7 for the definition of the ligament
length.) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.1 Samples (left) and sketches (right) of ten typical roughness pro-
files of rock fractures for different levels of the joint roughness
coefficient (JRC). Figures captured from N. Barton (2013). . . . . . 112

5.2 Shearing of a single discontinuity: geometry and boundary con-
ditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.3 Shearing of a single discontinuity: phase-field distributions ini-
tialized with three different phase-field length parameters. . . . . 132

5.4 Shearing of a single discontinuity: comparison between phase-
field and XFEM results. . . . . . . . . . . . . . . . . . . . . . . . . . 133

5.5 Shearing of a single discontinuity: mesh sensitivity study. L = 0.4
mm in all cases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

5.6 Shearing of a single discontinuity: length sensitivity study. L/h =

20 in all cases. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
5.7 Biaxial compression on a rock with a single crack: geometry and

boundary conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . 134
5.8 Biaxial compression on a rock with a single crack: comparison

between phase-field and XFEM results. . . . . . . . . . . . . . . . 135
5.9 Biaxial compression on a rock with a single crack: comparison be-

tween phase-field and XFEM results in the slip and dilation along
the discontinuity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.10 Biaxial compression on a rock with a single crack: length sensitiv-
ity study. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

5.11 Biaxial compression on a rock with two non-intersecting cracks:
geometry and boundary conditions. . . . . . . . . . . . . . . . . . 137

5.12 Biaxial compression on a rock with two non-intersecting cracks:
comparison between phase-field and XFEM results. . . . . . . . . 137

5.13 Biaxial compression on a rock with two intersecting cracks: ge-
ometry and boundary conditions. . . . . . . . . . . . . . . . . . . . 138

xv



5.14 Biaxial compression on a rock with two intersecting cracks: com-
parison between the phase-field and XFEM results. . . . . . . . . 139

5.15 Biaxial compression on a rock with two intersecting cracks: New-
ton convergence profiles during the first load step and the tenth
(last) load step. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

5.16 Fracture propagation from non-intersecting cracks under biaxial
compression: phase-field evolution at different load steps. . . . . 140

5.17 Fracture propagation from intersecting cracks under biaxial com-
pression: phase-field evolution at different load steps. . . . . . . . 140

xvi



List of Tables

4.1 Cracking from preexisting flaws: material parameters. . . . . . . . 100

5.1 Material parameters of the fracture model, calibrated against the
experimental data of Wibowo et al. (1994). See J. A. White (2014)
for details of the calibration procedure. . . . . . . . . . . . . . . . . 131

xvii





Chapter 1 Introduction

1.1 Motivation and objectives

Geologic materials commonly contain a wide variety of discontinuities, rang-
ing from the slip surfaces in soil slopes (Cooper et al., 1998; Skempton, 1964)
to the joints (N. Barton, 2020; J. A. White, 2014) and faults (Sanz et al., 2007;
Segall & Pollard, 1980) in rock masses. These widespread discontinuities and
fractures are crucial for many geotechnical and geoenvironmental problems in-
cluding landslides (Bjerrum, 1967; Quinn et al., 2011), collapse of deep excava-
tion (Lei et al., 2017), and injection-induced seismicity (Ellsworth, 2013; Prévost
& Sukumar, 2016).

The entire simulation of the discontinuities and fractures in geologic ma-
terials can be divided into two stages: (i) modeling the fracturing process be-
fore the formation of discontinuities, and (ii) modeling the contact between two
surfaces of discontinuities in the post-fracturing stage. In each stage, geologic
materials and their discontinuities exhibit a number of important features. Dur-
ing the fracturing process, geologic materials (e.g. stiff clays, dense sands, and
rocks) are characterized by their quasi-brittleness (Barenblatt et al., 1962; Pater-
son & Wong, 2005), which shows progressive softening of materials after reach-
ing the peak strength. In the post-fracturing stage, the sliding of discontinuities
involves a significant amount of friction (Borja & Foster, 2007; Palmer & Rice,
1973), whose magnitude increases with the confining pressure. This pressure-
dependent friction not only controls the residual strength of fractured geologic
materials but also plays a critical role in the fracture mechanism (Palmer & Rice,
1973). In addition to the frictional contact, more complex behaviors of geologic
discontinuities (e.g. dilation) could also arise due to the presence of crack rough-
ness (N. Barton & Choubey, 1977; J. A. White, 2014). Given these characteristics,
a numerical tool that can properly treat them in the modeling of geologic dis-
continuities and fractures is highly expected.

Over the past decades, numerous computational models have been devel-
oped to simulate the fracturing process and/or contact behaviors of geologic
discontinuities. However, most of these models have limitations from two im-
portant aspects. First, in the modeling of fracturing processes, many methods
have adopted strength-based criteria, e.g. modified plasticity law with a cali-
brated softening law (Borja & Regueiro, 2001; Mánica et al., 2018; Regueiro &
Borja, 2001). While these models can capture the quasi-brittleness of geologic
materials, they deviate from the principle of fracture mechanics. Second, most
numerical methods treat geologic cracks as discrete interfaces to model their
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frictional contact. Despite their accuracy, these methods usually require com-
plicated algorithms for tracking fracture propagation, which can significantly
undermine the efficiency of modeling.

In recent years, the phase-field method has emerged as an innovative tech-
nique to model the interface problem and fracture propagation. Basically, the
method introduces a continuously distributed phase-field variable to model dis-
continuities in a diffusive manner, and it represents the fracture propagation as
the evolution of this phase-field variable. This continuous modeling of disconti-
nuities allows one to capture the evolving discontinuities without any complex
functions and algorithms. Additionally, the formulation that governs the phase-
field evolution is thermodynamically consistent with the fracture mechanics the-
ory. Therefore, the phase-field method serves as a physically-based approach
that can efficiently model fracture propagation.

Due to its outstanding features, the phase-field method has been widely ap-
plied in the modeling of discontinuities and fractures in geologic materials. Pio-
neering work includes the phase-field modeling of hydraulic fracturing in satu-
rated rock masses (Ha et al., 2018; S. Lee et al., 2016; Santillán et al., 2018). While
these studies mainly focus on the tensile fracture, some researchers also ex-
tended the phase-field formulation to model the mixed-mode (tensile and shear)
fracture in rocks (Bryant & Sun, 2018; X. Zhang et al., 2017), and the failure mode
transition in the pressure-sensitive geomaterials (Choo & Sun, 2018a). Never-
theless, all these studies employ phase-field formulations originated from linear
elastic fracture mechanics (LEFM), on the premise that the fracture is purely brit-
tle. Therefore, they are not suitable for the simulation of fracture propagation in
the geologic materials which are quasi-brittle.

More importantly, none of the previous phase-field modeling of geologic
fractures have explicitly modeled the frictional contact. However, this frictional
contact is pervasive in the geologic materials as emphasized earlier. Due to the
absence of friction in their formulations, existing phase-field methods may be
unable to reliably model the mechanical behavior and fracturing process of ge-
ologic discontinuities.

For the above reasons, this thesis presents four new phase-field approaches
that provide more reliable and systematic modeling of discontinuities and frac-
tures in geologic materials. More specifically, these approaches concern about
the pressure-dependent friction, the quasi-brittleness of geomaterials, and more
complex properties of rock fractures including the mixed-mode (tensile and
shear) cracking and the roughness effects. Although these four methods focus
on different aspects of geologic discontinuities and fractures, their formulations
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are interconnected, and all of them are built upon the general phase-field ap-
proximation of discontinuities, which is described in the next section.

1.2 Introduction of the phase-field approximation

This section introduces the basic information of the phase-field approximation
that underpins the model development in all following chapters.

We begin with the description of a typical initial-boundary-value problem
containing internal fractures. Consider a domain W of dim dimension with its
external boundary denoted by ∂W. We further decompose the boundary into the
displacement (Dirichlet) boundary ∂uW and the traction (Neumann) boundary
∂tW, such that ∂uW \ ∂tW = ∆ and ∂uW [ ∂tW = ∂W. The domain also contains
a set of discontinuities, which are denoted as G.

Next, we follow the standard phase-field approach to diffusely approximate
the sharp geometry of discontinuities. We first define the phase-field variable
d 2 [0, 1], where d = 0 denotes the (bulk) region without damage, and d = 1
denotes the (interface) region with full damage. Figure 1.1 illustrates how the
phase-field approach represents the original domain with sharp discontinuity.
Note that the diffuse approximation naturally gives rise to regions in which 0 <

d < 1. Then, we introduce the crack density function, Gd(d,rd), that satisfies

G ⇡

Z

W
Gd(d,rd) dV. (1.1)

The general formulation of the crack density function is written as

Gd(d,rd) :=
1
c0


a(d)

L
+ Lrd ·rd

�
, where c0 := 4

Z 1

0

q
a(s)ds. (1.2)

Here, L is the length parameter determining the width of the phase-field diffu-
sive region, c0 is a modeling parameter whose value depends on a local dissi-
pated energy density function a(d). Different choices of a(d) are provided in
the literature. The specific formulation of a(d) adopted will be discussed in the
following chapters.

1.3 Overview

The remaining part of this thesis explores phase-field formulations for modeling
frictional contact, geologic shear fracture, mixed-mode rock cracking, and rough
rock fractures. We outline the subsequent chapters as follows.

In Chapter 2, we present a phase-field method to model discontinuities with
frictional contact. By employing a crack-oriented decomposition of the stress
tensor, we evaluate each stress component depending on the contact condition
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Figure 1.1: Phase-field approximation of a discrete problem with a frictional crack. The
sharp discontinuity G in the left figure is diffusely approximated by the phase-field vari-
able d as illustrated in the right figure.

of the interface. In this way, the proposed phase-field formulation can correctly
simulate the frictional contact and ensure nonpenetrating deformation without
using any algorithm to impose constraints. Before closing the chapter, we verify
this new phase-field model with numerical examples that have been studied by
the standard and extended finite element method in the literature.

In Chapter 3, we formulate a new phase-field approach for modeling the
frictional shear fracture in pressure-sensitive geologic materials. The proposed
formulation is built upon the phase-field method developed in Chapter 2 for
modeling frictional contact. Given the specific contact condition, we calculate
the stress and crack driving force accordingly, with the effects of friction incor-
porated. To ensure that the stress-strain responses of materials are independent
of the length parameter for phase-field approximation, we also derive a new
degradation function and the threshold fracture energy. We further demonstrate
that the resulting formulation is consistent with the theory of Palmer and Rice
(1973). Numerical results of laboratory-scale and field-scale problems showcase
that the proposed phase-field method enables a physically sound and numeri-
cally efficient simulation of the shear fracture process in geologic materials.

Chapter 4 introduces a double-phase-field formulation to simulate mixed-
mode rock fractures. In essence, the proposed method employs two phase-field
variables to represent the cohesive tensile (mode I) fracture and frictional shear
(mode II) fracture individually. To formulate the model, we first adopt a crack-
oriented decomposition of the stress tensor based on the work in preceding
chapters. Then, we evaluate the potential energy according to the contact con-
dition. We finally apply an energy-based criterion to determine the dominant
crack mode. The double-phase-field model is further validated with the exper-
imental data of the flawed specimens under uniaxial compression. Validation
results demonstrate that the proposed model can capture the mixed-mode rock
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cracking behavior both qualitatively and quantitatively.

In Chapter 5, we develop a phase-field modeling framework for rock frac-
tures with surface roughness. Basically, we transform the displacement-based
constitutive law into a strain-based model, such that it can be accommodated in
the phase-field formulation for frictional interface provided in Chapter 2. The
numerical results obtained from the proposed framework show good consis-
tency with those from the extended finite element method, for a variety of prob-
lems ranging from shearing of a single discontinuity to compression of jointed
rocks.

Finally, Chapter 6 summarizes the main contributions of this thesis, and
provides future plans based on the completed work.
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Chapter 2 A phase-field method for modeling cracks with
frictional contact

This chapter is published in: Fei, F. and Choo, J. (2020). “A phase-field method
for modeling cracks with frictional contact.” International Journal for Numerical
Methods in Engineering, 121(4), 740–762.

2.1 Introduction

Frictional cracks are ubiquitous in natural and manufactured systems. For ex-
ample, in the Earth’s crust, frictional cracks appear over a wide range of scales
from the micrometer scale (Tjioe & Borja, 2015, 2016; Vajdova et al., 2010) to
the millimeter scale (J. A. White, 2014; L. N. Y. Wong & Einstein, 2009a, 2009b)
to the kilometer scale (F. Liu & Borja, 2009, 2013; Sanz et al., 2007). They are
also widespread in many branches of science and engineering including mate-
rial sciences and civil and mechanical engineering. Accordingly, the numerical
modeling of motion and friction in crack surfaces has long been an important
subject, and there is a large body of literature on computational contact mechan-
ics (Laursen, 2003; Wriggers, 2006).

At present, standard numerical methods treat frictional cracks as discrete
discontinuities subjected to constraints on contact conditions. The discontinu-
ities should be aligned with element boundaries in classical finite element meth-
ods, while they can be embedded inside elements in modern methods such as
the assumed enhanced strain (AES) method (Borja, 2008; Foster et al., 2007; J. C.
Simo et al., 1993) and the extended finite element method (XFEM) (Dolbow et
al., 2001; F. Liu & Borja, 2008; Sanborn & Prévost, 2011). Irrespective of their
alignment with elements, the contact surfaces must satisfy a set of constraints in-
cluding the no-penetration constraint under compression. Imposing these con-
straints on discrete interfaces, however, is an outstanding challenge in compu-
tational contact mechanics. A large number of studies have addressed this chal-
lenge by employing various types of algorithms such as the Lagrange multiplier
method (Carpenter et al., 1991; F. Liu & Borja, 2010c; J. C. Simo et al., 1985),
the penalty method (Khoei & Nikbakht, 2007; F. Liu & Borja, 2010a; Mueller-
Hoeppe et al., 2012; Perić & Owen, 1992), the augmented Lagrangian method
(Bussetta et al., 2012; Elguedj et al., 2007; J. Simo & Laursen, 1992), and the
Nitsche method (Annavarapu et al., 2012, 2013, 2014; Dolbow & Harari, 2009).
Nevertheless, the optimal way to treat these contact constraints is yet an unre-
solved issue. Also importantly, numerical methods for frictional contact require
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significant effort for implementation, especially when one wants to accommo-
date complex interface geometry. For these reasons, a simple numerical method
is desired that can model frictional contact problems with low implementation
cost.

In this chapter, we propose a phase-field method for frictional crack prob-
lems that can efficiently handle complex crack geometry and contact conditions.
The key idea of the proposed method is to incorporate contact behaviors and
constraints through suitable calculation of the stress tensor in the regularized
interface region. In existing phase-field models of fracture, the stress tensor in
the interface region is either degraded or maintained according to the sign of
some part of the strain tensor. This way roughly considers a no-contact con-
dition and a stick contact condition, but these two conditions are usually not
distinguished in a manner consistent with contact mechanics. Furthermore, and
perhaps more importantly, phase-field fracture models have not incorporated
a slip contact condition in which relative motion between interacting surfaces
takes places according to friction. Note that a slip condition is a major challenge
in computational contact mechanics because it requires one to model slip be-
havior while imposing the no-penetration contact in non-slip directions. In this
work, we propose a new approach that incorporates and distinguishes between
all contact conditions by a proper calculation of the stress tensor in the inter-
face region. Our use of stress tensor is consistent with other types of smeared
crack formulations for frictional cracks (e.g. Borja, 2000), but our way to calcu-
late stress is completely different from existing smeared methods as it builds on
a stress calculation procedure in phase-field modeling of fracture.

Compared with standard discrete methods for frictional contact, the pro-
posed phase-field method has two attractive features. First, it can represent arbi-
trary interface geometry without an explicit function or enriched basis functions,
which is indeed a hallmark of all phase-field methods. Second, it can accommo-
date contact constraints without a dedicated algorithm, which is a unique ad-
vantage for contact problems. This new feature is attained by making the com-
ponents of the stress tensor in the non-slip directions compatible between the in-
terface and bulk regions. Notably, this way is a modification of the volumetric–
deviatoric decomposition approach proposed by Amor et al. (2009) for consider-
ing the no-penetration constraint in unilateral frictionless contact, as well as the
directional decomposition approach proposed by Steinke and Kaliske (2019) for
distinguishing between crack normal and tangential directions. The rest com-
ponents of the stress tensor, which are relevant to stick/slip behavior, are deter-
mined using a standard constitutive law for frictional cracks. In this way, the
proposed phase-field method translates a discrete problem with constraints into
a continuous problem with multiple constitutive responses. As the continuous
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problem can be solved by the standard finite element method, it would require
significantly less effort for implementation as compared with other methods that
can simulate frictional cracks passing through the interior of elements.

The chapter is organized as follows. In Section 2.2, we develop a phase-field
formulation for a boundary-value problem that involves frictional contact. Fol-
lowing a standard diffuse approximation of crack geometry in phase-field mod-
eling of fracture, we introduce a new approach that explicitly considers and cal-
culates the stress tensor in the interface region according to the contact condition
of the interface. In Section 2.3, we discretize the phase-field contact formulation
using the standard finite element method. In doing so, we present algorithms
for calculating the stress, stress–strain tangent, and unit normal and slip vectors
at quadrature points in the regularized interface region. In Section 2.4, we verify
the proposed phase-field method using stationary interface problems that have
been simulated by discrete methods in the literature. We then combine the pro-
posed method with an evolution equation for brittle fracture, and demonstrate
the method’s capability for modeling crack growth with frictional contact. In
Section 2.5, we conclude the chapter.

2.2 Phase-field formulation for cracks with frictional contact

In this section, we develop a phase-field formulation for continuous modeling
of frictional cracks in solids. The formulation builds on methods originally de-
veloped for phase-field modeling of crack propagation, but it can be useful for
modeling general frictional interfaces in solids. For this reason, we will focus
on the use of a phase-field approach to geometric approximation of frictional
contact problems, without delving into aspects of fracture mechanics. Also, to
make the following presentation simple, we will assume without loss of gener-
ality that the material is free of inertial and body forces, isotropic, elastic, and
geometrically and materially linear. If necessary, these assumptions may be re-
laxed in standard ways in solid mechanics.

2.2.1 Phase-field approximation

Before stating the governing equations of the problem, we employ the phase-
field approximation as introduced in Section 1.2 to diffusely represent disconti-
nuities which involves frictional contact. Here, we choose a(d) := d2, which is
commonly used in the classic phase-field model (Miehe, Hofacker, et al., 2010).

Once discontinuities have been diffusely approximated, a continuous ver-
sion of the problem can be stated as follows. Find the displacement field in this
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domain, u, that satisfies the balance of linear momentum

r · �(") = 0 in W, (2.1)

where � is the (Cauchy) stress tensor and " is the infinitesimal strain tensor de-
fined as the symmetric gradient of u. The boundary conditions of this problem
are given by

u = û on ∂uW, (2.2)

� · � = t̂ on ∂tW, (2.3)

where û and t̂ are prescribed boundary conditions of displacement and traction
vectors, respectively, and � is the outward unit normal vector at the domain
boundary. Note that no boundary condition is imposed on G as the discon-
tinuities have already been smeared in the domain W through the phase-field
approximation described in Section 1.2.

As the whole domain is now regarded as a continuum, stress tensors in
the bulk and interface systems should be continuously interpolated. For this
interpolation, we introduce a function of the phase field, g(d), that satisfies

g(d) 2 [0, 1], g(0) = 1, g(1) = 0, g0(d) < 0. (2.4)

This function is usually called the degradation function in phase-field model-
ing of fracture. In this chapter, we use the most common form of g(d) in the
literature, given by

g(d) = (1 � d)2. (2.5)

Using this function, we can express the stress tensor in the domain as

� = g(d)�m + [1 � g(d)]� f . (2.6)

where �m and � f are stress tensors in the bulk matrix and fracture interface,
respectively. It is noted that Eq. (2.6) is a generalization of the way in which
stress is calculated in phase-field models of fracture.

In addition, the phase-field variable is postulated to satisfy the following
partial differential equation given that a(d) := d2,

g0(d)H+ Gc

✓
d
L
� Lr ·rd

◆
= 0 in W, (2.7)

which is also adopted from phase-field modeling of fracture. Here, H and Gc

are positive parameters corresponding to the crack driving force and the critical
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fracture energy in the context of phase-field modeling of fracture. As such, for
simulation of growing cracks, they may be calculated according to a phase-field
formulation for fracture. However, if the crack interface is assumed to be station-
ary, one may take any positive values for these two parameters for initialization
of the phase field. In this case, Eq. (2.7) is solved only once in the beginning
of the problem to initialize the phase-field variable, and the phase field remains
constant throughout the course of loading.

2.2.2 Calculation of stress tensors according to contact conditions

So far, the only difference between our formulation and the most standard phase-
field formulation for fracture is that here we have explicitly considered the stress
tensor in the interface system, � f . This modification has been made to incorpo-
rate contact-dependent mechanical responses of the interface system into the
phase-field formulation. In the following, we propose a specific procedure for
calculating the bulk and interface stress tensors in Eq. (2.6) according to the con-
tact condition of the interface.

First, we calculate the bulk stress through a standard stress–strain relation-
ship in continuum mechanics, namely

�m = Cm : ", (2.8)

where Cm is the fourth-order stress–strain tangent tensor of the bulk region. For
a linear elastic material, the stress–strain tangent is given by

Cm = Ce := l1⌦ 1+ 2GI. (2.9)

Here, l and G are the Lamé parameters which can be converted into Young’s
modulus E and Poisson’s ratio n, 1 is the second-order identity tensor, and I

is the fourth-order symmetric identity tensor. In short, the bulk stress tensor is
evaluated as usual.

Next, we propose a new way to calculate the interface stress tensor de-
pending on the contact condition of the interface system. To identify the con-
tact condition, we introduce a coordinate system that is oriented with respect to
the interface normal and tangential directions. Figure 2.1 depicts this interface-
oriented coordinate system in a 2D domain. Hereafter, we denote by n the unit
vector in the interface normal direction and by m the unit vector in the slip di-
rection. These unit vectors are assumed to be known for now.
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Figure 2.1: Definition of an interface-oriented coordinate system in a 2D domain. Vec-
tors n and m denote unit vectors in the interface normal and tangential/slip directions,
respectively. Definitions of some stress components in the interface-oriented coordinate
system are also shown.

In the interface-oriented coordinate system, the normal strain along the in-
terface normal direction is calculated as

#N ⌘ #nn = " : (n⌦n). (2.10)

This strain can be used to distinguish between contact and no-contact condi-
tions. By definition, this strain plays the role of the gap function in classical
contact mechanics.

When #N > 0, the interface has a gap between its two surfaces, which cor-
responds to an open (non-contacting) crack in phase-field modeling of fracture.
In this case, the interface system is stress-free, i.e. � f = 0. We thus evaluate the
stress tensor under this no-contact condition as

� = g(d)�m. (2.11)

It is noted that the above expression is the same as the stress equation for an
open crack in phase-field models of fracture.

By contrast, when #N  0, the interface is considered being in contact. The
contact condition of a cohesive–frictional interface is either a stick condition or
a slip condition. The distinction between stick and slip conditions can be made
by the following yield function

f := |t|� µpN  0. (2.12)

Here, µ is the friction coefficient of the interface, and pN is the contact normal
pressure, defined as pN ⌘ �snn = �� : (n⌦n) in accordance to Eq. (2.10).
Note that pN � 0 whenever #N  0. Lastly, t is the resolved shear stress in the
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interface, which can be calculated in this continuum formulation as (see Fig. 2.1)

t ⌘ snm = � : (n⌦m). (2.13)

Note that snm = smn by the symmetry of the stress tensor. A contacting interface
is under a stick condition when f < 0, whereas it is under a slip condition when
f = 0. Therefore, stick and slip conditions are distinguished in the same way in
classical contact mechanics.

Under a stick condition, no relative motion exists between the bulk and in-
terface systems, so �m = � f . Therefore, the stress tensor under a stick condition
can be calculated as

� = �m. (2.14)

We note that this corresponds to the standard way how a phase-field model of
fracture treats a closed crack under compression. However, existing phase-field
models do not allow slip motion along the interface. This limitation is the major
motivation of this work and tackled in the following.

When the interface is under a slip condition, the stress tensor in the interface
system is non-zero and different from the bulk stress. We thus have to evaluate
the interface stress such that it incorporates the frictional contact behavior and
the no-penetration constraint simultaneously. For this purpose, we decompose
the interface stress tensor into a friction part, �friction, and a no-penetration part,
�no-penetration, as

� f = �friction + �no-penetration. (2.15)

Of these two, the no-penetration part is determined to make the deformation
along the interface and bulk systems compatible in all directions except the slip
direction. This compatibility can be attained by defining the no-penetration part
as follows:

�no-penetration = �m � tm(n⌦m+m⌦n), (2.16)

where tm := �m : (n⌦m). In words, the no-penetration part is computed by
fully degrading the slip direction components of the bulk stress tensor. Then, the
friction part is calculated to substitute the degraded components, according to a
prescribed contact constitutive law. Under a slip condition, |t| = µpN because
the yield function (2.12) is zero, and here pN must be equal to pN, m := ��m :
(n⌦n) because the bulk stress is not degraded in the contact normal direction.
Also, it is likely that the signs of t and tm are identical. Therefore, we can express
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the friction part of the stress tensor as

�friction = µpN, m sign(tm)(n⌦m+m⌦n). (2.17)

Inserting Eqs. (2.17) and (2.16) into Eq. (2.15), we obtain the interface stress ten-
sor as

� f = �m + (µpN, m sign(tm)� tm)(n⌦m+m⌦n). (2.18)

One can see that this stress tensor is obtained by replacing the slip-relevant
part of the bulk stress tensor with �friction. Substituting the above equation into
Eq. (2.6) gives the overall stress tensor under a slip condition as

� = �m + [1 � g(d)][µpN, m sign(tm)� tm](n⌦m+m⌦n). (2.19)

Note that for all contact conditions, we get � = �f when d = 1 and � = �m

when d = 0.

To summarize, we have proposed an approach that calculates the stress ten-
sor in the interface system according to the contact condition of the interface. In
this approach, the interface stress is null under a no-contact condition and equal
to the bulk stress under a stick contact condition. The interface stress under
a slip condition is calculated as a combination of the friction part and the no-
penetration part so that the contact constitutive behavior and the no-penetration
constraints are incorporated into the phase-field formulation.

Remark 1. The foregoing expressions for the interface stress tensor can be re-
interpreted based on the decomposition of � f = �friction + �no-penetration. The
friction part, �friction, is zero under a no-contact condition, compatible with the
bulk stress under a stick condition, and calculated from a friction constitutive
law under a slip condition. The no-penetration part, �no-penetration, is zero under
a no-contact condition while it is compatible with the bulk stress under stick and
slip contact conditions.

2.3 Discretization and algorithms

This section describes discretization methods and algorithms for numerical so-
lution of the proposed formulation using the standard finite element method.
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2.3.1 Finite element discretization

The proposed phase-field formulation can be readily solved by the standard fi-
nite element method. For finite element discretization, we first define trial solu-
tion spaces for the displacement field and the phase field as

Su := {u | u 2 H1, u = û on ∂uW}, (2.20)

Sd := {d | d 2 H1
}, (2.21)

where H1 denotes a Sobolev space of order one. Weighting function spaces for
the two fields are accordingly defined as

Vu := {⌘ | ⌘ 2 H1, ⌘ = 0 on ∂uW}, (2.22)

Vd := {f | f 2 H1
} . (2.23)

Applying the standard weighted residual procedure, we obtain the following
two variational equations:

�

Z

W
rs ⌘ : � dV +

Z

∂tW
⌘ · t̂dA = 0, (2.24)

Z

W
fg0(d)H dV +

Z

W
Gc

✓
f

d
L

+ Lrf ·rd
◆

dV = 0. (2.25)

Here, Eq. (2.24) is the linear momentum balance equation and Eq. (2.25) is the
phase-field equation. Both of them are solved in each load step if the interface
system is subjected to growth during the course of loading. However, for a
stationary interface problem, the phase-field equation (2.25) only needs to be
solved once in the initialization stage of the problem. The Galerkin and matrix
forms of these equations can be developed in a standard manner, so they are
omitted for brevity.

As we are considering linear elasticity in this work, the momentum balance
equation (2.24) is linear if the contact condition inside the domain is fixed. This
is because the phase-field method has formulated a frictional crack problem as a
continuum problem with stiffness that may spatially vary according to the phase
field. However, when the contact condition of a point is subject to change after
loading, the problem is incrementally nonlinear. Therefore, it is necessary to
apply a nonlinear solution method for the momentum equation. Note that the
solution method will converge quickly whenever the contact condition remains
unchanged from an initial guess. The phase-field equation (2.25) is always linear
so it can be solved easily.

In this work, we use Newton’s method to solve the discretized momentum
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balance equation. During Newton iterations, the increment of the nodal dis-
placement vector, denoted by DU , can be obtained by solving

R = �J DU , (2.26)

where R is the residual vector, of which element-wise contribution can be cal-
culated as

[R]ie := �

Z

We

rs⌘i : � dV +
Z

∂tWe

⌘i
· t̂dA, (2.27)

and J is the Jacobian matrix, of which element-wise contribution can be calcu-
lated as

[J ]i,je := �

Z

We

rs ⌘i : C : rs ⌘ j dV, (2.28)

with e denoting an element index and i, j denoting shape function indices. C is
the stress–strain tangent that is the same as Cm in the bulk region but may be
different from it otherwise.

Remark 2. As is well known, phase-field modeling requires very fine discretiza-
tion around where a discontinuity is approximated diffusely. This requirement
inevitably makes the computation cost for running the phase-field method more
expensive than that for discrete methods such as AES and XFEM. However, be-
cause the phase-field method can be implemented far more easily than these
discrete methods, the total cost for implementing and running the phase-field
method would be attractively low. Note that a local and/or adaptive mesh re-
finement can reduce the running cost significantly. Also, numerical solutions
to phase-field formulations are known to be insensitive to mesh alignment, see
Mandal et al. (2019) for example. Therefore, both structured and unstructured
meshes can be used as long as their element sizes are small enough around the
interface region. The question of how small is enough for element sizes will be
addressed through numerical examples in Section 2.4.

2.3.2 Update of stress and tangent tensors

To evaluate Eqs. (2.27) and (2.28) during finite element assembly, we need to
calculate the stress tensor, �, and the stress–strain tangent tensor, C, at every
quadrature point. Consider a typical Newton update step for which the strain
tensor, ", and the phase-field variable, d, are given at the quadrature point of
interest. It is also assumed that the unit vector in the interface normal direction,
n and the unit vector along the slip direction, m, are also known at this point.
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The stress tensor at a quadrature point can be updated as described in Al-
gorithm 1. The algorithm first checks whether the current quadrature point be-
longs to a bulk region where d = 0. If not, the algorithm identifies the contact
condition at the quadrature point and then updates the stress tensor following
the approach proposed in Section 2.2.2. To distinguish between stick and slip
conditions, the algorithm uses a standard predictor–corrector approach employ-
ing the bulk stress as a trial stress. Therefore, the yield function, f , is calculated
using t and pN of the bulk stress.

Algorithm 1 Stress update procedure for phase-field modeling of frictional
cracks
Input: ", d, n, and m as well as material parameters at a quadrature point.

1: if d = 0 then
2: Bulk region. Return � = Cm : ".
3: end if
4: Calculate the interface normal strain #N = " : (n⌦n) and the bulk stress

�m = Cm : ".
5: if #N > 0 then
6: No-contact condition. Return � = g(d)�m.
7: end if
8: Calculate the yield function by using the bulk stress f = |tm|�µpN, m, where

tm = �m : (n⌦m) and pN, m = ��m : (n⌦n).
9: if f < 0 then

10: Stick condition. Return � = �m.
11: else
12: Slip condition.
13: Return � = �m + [1 � g(d)](µpN, m sign(tm)� tm)(n⌦m+m⌦n).
14: end if
Output: � at the quadrature point.

The stress–strain tangent tensor should also be evaluated to assemble the
Jacobian matrix, see Eq. (2.28). This calculation is trivial for a bulk region. For
an interface region where 0 < d  1, it is given by

C =

8
><

>:

g(d)Cm for a no-contact condition,
Cm for a stick condition,
Cm + [1 � g(d)](C f � Ct) for a slip condition.

(2.29)

Here, for a slip condition, C f is defined as

C f := � sign(tm)µ[l(n⌦m+m⌦n)⌦ 1+ 2G(n⌦m+m⌦n)⌦(n⌦n)] ,
(2.30)
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and Ct is defined as

Ct := G[(n⌦m+m⌦n)⌦(n⌦m+m⌦n)] . (2.31)

Note that all these tensors can be calculated in a straightforward manner as long
as the vectors n and m are given.

2.3.3 Calculation of unit normal and slip vectors

As described above, the unit vector in the interface normal direction, n, and
the unit vector in the slip direction, m, are crucial for the proposed phase-field
formulation. Usually, in phase-field modeling, the interface normal vector is
approximated as n ⇡ rd/krdk. The accuracy of this approximation, however,
seems to be insufficient for our purpose, for two main reasons: (1) because a
crack tip has been approximated bluntly, rd/krdk calculated around the crack
tip region is indeed nearly orthogonal to the desired n, and (2) unless d is very
close to 1, rd/krdk may not be close enough to the desired n.

Therefore, for a more accurate calculation of n and m, we devise a new
algorithm that first identifies a lower-dimensional crack path from phase-field
values and then estimates the unit vectors from the identified crack path. Here-
after, we will restrict our attention to 2D problems because identifying a crack
path in a 3D phase field is an outstanding challenge. In a 2D phase-field prob-
lem, a crack path would be a 1D line that connects points where d = 1. Drawing
on this idea, we construct such a line through the procedure described in Algo-
rithm 2. In essence, this algorithm finds nodes where d ⇡ 1 that are distant at
least the length parameter L and connect them in a piecewise linear manner to
approximate the crack path. From this piecewise linearly approximated crack
path, we can compute n and m and then assign them to nearby quadrature
points.

The proposed algorithm for calculating n and m is simple and appears to
be sufficiently accurate for phase-field modeling of frictional interfaces. We note,
however, that any other algorithm can be used for the same purpose as long as
it gives reliable results for the unit vectors. For example, Ziaei-Rad et al. (2016)
have proposed a variational method for identifying a crack path in phase-field
modeling. The use of such an advanced method will likely improve the accuracy
of the overall numerical solution, although it requires significantly more effort
for implementation. Furthermore, due to lack of a good algorithm for estimating
n and m in 3D, applications of the proposed phase-field formulation will be
limited to 2D problems in the next section. Overcoming this limitation for 3D
problems will be a future research topic.
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Algorithm 2 Calculation of unit normal and slip vectors for a phase-field ap-
proximated interface
Input: Coordinates and phase-field values of nodes.

1: Find nodes where phase-field values are greater than a threshold (e.g. 0.98)
and store them to a set Gtmp.

2: Search the node N1 where the phase field value is greatest among all nodes
in Gtmp.

3: Find all nodes whose distances from N1 are within the phase-field length
parameter, L; then remove them from Gtmp and move N1 to a new set Gfinal.

4: Repeat the above step for other nodes in the order of decreasing phase-field
value, say N2,N3, · · · , until Gtmp becomes empty.

5: Sort nodes in Gfinal according to their coordinates in one direction (e.g. the x
direction).

6: Connected the sorted nodes in Gfinal as a piecewise linear line. The piecewise
linear line is then considered a crack path.

7: For each segment in the piecewise linear crack path, calculate n and m.
8: For quadrature points where d > 0, assign n and m from the nearest seg-

ment in the piecewise linear crack path.
Output: n and m at quadrature points where d > 0.

2.4 Numerical examples

This section has two objectives: (1) to verify the proposed phase-field formu-
lation for frictional interfaces, and (2) to demonstrate the capability of the pro-
posed method for modeling crack growth with frictional contact. For the first
objective, we adopt three numerical examples of frictional interfaces that have
been simulated by discrete methods in the literature. Yet the interfaces in these
benchmark examples are stationary (i.e. not allowed to advance). Therefore, for
the second objective, we introduce a fourth example whereby a preexisting crack
propagates according to the phase-field equation (2.25).

Results in this section have been obtained using the deal.II finite element
library (Alzetta et al., 2018; Bangerth et al., 2007). Bilinear quadrilateral elements
have been used for all numerical examples. Plane strain conditions are assumed
throughout.

2.4.1 Square domain with an internal crack

Our first example is compression of an internally cracked domain depicted in
Fig. 2.2. This problem was initially presented in Dolbow et al. (2001) and then
used by other studies including F. Liu and Borja (2008) and Annavarapu et al.
(2014). Here we also consider this problem for verification of the phase-field
formulation. The domain is a 1 m wide square and possesses a crack whose
tips are located at coordinates (0.3, 0.33) m and (0.7, 0.68) m. Note that these
tip locations are adopted from Annavarapu et al. (2014) and slightly different
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from those in F. Liu and Borja (2008). We assign the elasticity parameters of
the material as E = 10000 MPa and n = 0.3, and the friction coefficient of the
crack as µ = 0.1. The top boundary of the domain is subjected to a prescribed
displacement of �0.1 m (downward).

y
x

1 m 

1 m 

-0.1 m   

Figure 2.2: Setup of the internal crack problem.

To investigate the convergence of numerical solution with the length pa-
rameter and the element size, we consider three values of L, namely 0.008 m,
0.004 m, and 0.002 m and three values of L/h, namely 4, 8, and 16. The val-
ues of L/h are selected based on results in Borden et al. (2012) that indicate
L/h � 4 gives reasonably accurate solutions when the same type of surface
density functional is employed. Because such fine discretization is necessary
only for the interface region and its nearby, we locally refine elements around a
node where the phase-field variable is greater than a threshold, until their size
reaches a prescribed L/h value. To determine the threshold value, we recall that
the spatial variation of the phase field in the chosen surface density functional is
given by d = exp(�|x|/L), with x denoting the distance from the point where
d = 1 (Miehe, Welschinger, et al., 2010). As d = exp(�1) ⇡ 0.378 when x = L,
we set the threshold as 0.1 to make the locally refined region sufficiently wide.
The same mesh refinement scheme will be used throughout this section.

For initialization of the phase-field variable, we adopt a standard way in
phase-field fracture modeling that prescribes H at quadrature points around a
preexisting crack (see Appendix A of Borden et al., 2012 for example). With
H values prescribed to make d = 1 at the initial crack, we solve the phase-
field equation (2.25) once to obtain a phase-field distribution that will be used
throughout the problem. Figure 2.3 shows phase-field distributions in the L =

0.008 m, 0.004 m, and 0.002 m cases when L/h = 8. It is clear that the diffuse ap-
proximation zone becomes narrower as L decreases. After initializing the phase
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field in this way, we simulate the problem through 10 load steps with a uniform
displacement increment of �0.01 m on the top boundary.

L = 0.008 m L = 0.004 m L = 0.002 m

d
1.0

0.5

0.0

Figure 2.3: Phase-field distributions initialized to diffusely approximate the internal
crack depicted in Fig. 2.2.

We begin by checking to see whether numerical solutions converge with
mesh refinement, in terms of displacement fields in the domain and contact nor-
mal pressures and tangential stresses along the crack. The contact pressures and
stresses are obtained at the nodes in Gfinal (see Algorithm 2) after nodal projec-
tion. Figures 2.4 and 2.5 present these results from a mesh refinement study
conducted for L = 0.002 m. We observe that both the displacement and stress
solutions converge as the element size decreases. Note also that the contact pres-
sures and stresses satisfy the prescribed contact law (t = 0.1pN here) in every
mesh. Although not presented, results of mesh refinement studies conducted
with other length parameters showed more or less the same patterns. Therefore,
we have found that the numerical model converges with mesh refinement, and
that refinement levels of L/h � 4 provide reasonable accuracy.

Next, we examine how numerical solutions are sensitive to the length pa-
rameter for phase-field approximation. Figures 2.6 and 2.7 show displacement
fields and contact pressures and stresses, respectively, obtained using the three
length parameters with meshes of L/h = 8. One can see that the results show
little sensitivity to L. Although a smaller L leads to a sharper displacement jump
across the crack and thereby larger contact stresses, the L = 0.008 m case also
shows fairly good results. This observation indicates that a rather diffuse ap-
proximation still can provide reasonably good solutions. Therefore, it can be
concluded that the phase-field method does not require a very small L for prac-
tical purposes while allowing us to obtain a more accurate solution by reducing
L.

Having confirmed that the proposed method gives consistent solutions, we
now verify it with results in the literature. We particularly compare our results
from the L = 0.002 m and L/h = 8 case with results in Annavarapu et al. (2014)
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L/h = 4
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0.00
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(a) x-displacement
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L/h = 4 L/h = 8 L/h = 16
(b) y-displacement

Figure 2.4: Displacement fields in mesh refinement tests with L = 0.002 m. Color bar in
meters.

obtained by the combination of XFEM and a weighted Nitsche method. Fig-
ure 2.8 shows this comparison. As can be seen, the phase-field and XFEM results
are nearly identical in both qualitative and quantitative aspects. Therefore, we
have verified that the proposed phase-field method can provide numerical solu-
tions comparable to those obtained by advanced discrete methods for frictional
cracks.

Lastly, we remark that the phase-field formulation for this problem is linear
in all the load steps, requiring only a single Newton update. This is because the
contact condition along the crack is identified as a slip condition from the initial
stress-free condition (as zero stress makes f = 0), and it is indeed a slip condition
throughout the problem. So this example was nothing but a linear elasticity
problem with heterogeneous stiffness. This means that, although the phase-field
method requires a quite fine mesh, its fast convergence can counterbalance the
overall computational cost.

2.4.2 Square domain with an inclined interface

The purpose of our second example is to investigate the ability of the proposed
phase-field method to distinguish between stick and slip conditions. For this
purpose, we adopt the problem of a square domain with an inclined interface,
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Figure 2.5: Contact normal pressures and tangential stresses in mesh refinement tests
with L = 0.002 m.
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L = 0.008 m L = 0.004 m L = 0.002 m
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Figure 2.6: Displacement fields in length parameter sensitivity tests with L/h = 8.
Color bar in meters.

which was also first used in Dolbow et al. (2001) and later revisited by An-
navarapu et al. (2014), among others. The setup of this problem is illustrated
in Fig. 2.9. Similar to the previous example, a 1 m wide square domain is com-
pressed from the top, but here the discontinuous interface is extended to the side
boundaries of the domain. The interface is inclined from the horizontal with an
angle q = tan�1(0.2). Therefore, when the friction coefficient µ is smaller than
0.2, the upper block should slip along the interface; otherwise, the upper and
lower blocks should be sticked together and behave as a whole. Accordingly,
this problem serves as a good benchmark example for examining the capability
for distinguishing between stick and slip behaviors.

Because the domain size remains the same as the previous example, we
consider the same three length parameters, L = 0.008 m, 0.004 m, and 0.002
m. We discretize the domain and initialize the phase field using the same way
in the previous example. The refinement level is now fixed as L/h = 8. Fol-
lowing Annavarapu et al. (2014), we consider two cases of friction coefficients,
namely µ = 0.19 and µ = 0.21. The elasticity parameters are set as E = 1000
MPa and n = 0.3 for both the upper and lower blocks. We again use 10 load
steps with a uniform displacement increment of �0.01 m.

Figure 2.10 comparatively shows the results of µ = 0.19 and µ = 0.21 cases
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Figure 2.7: Contact normal pressures and tangential stresses in length parameter sensi-
tivity tests with L/h = 8.

25



ux
0.03

0.00

-0.03

uy
0.00

-0.05

-0.10

Phase-!eld XFEM 
(Annavarapu et al.)

Figure 2.8: Comparison of phase-field solutions with XFEM solutions in Annavarapu
et al. (2014). The phase-field results have been obtained with L = 0.002 m and L/h = 8.
Color bar in meters.
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Figure 2.9: Setup of the inclined interface problem.
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in terms of the x-displacement field. We can find that the domain is under a
slip condition when µ = 0.19 < tan q and under a stick condition when µ =

0.21 > tan q. Therefore, we have confirmed that the phase-field method can also
distinguish between stick and slip conditions appropriately.

(slip expected)
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0.0e+0
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µ = �.�� < tan θ
<latexit sha1_base64="Y3NeaMIH+dN2L6vwl2elss3oDQs="></latexit>

µ = �.�� > tan θ
<latexit sha1_base64="dqwG0bJtHWKzV/RrBYesPWRpSkw="></latexit>

(stick expected)

Figure 2.10: Results of stick/slip distinction tests with L = 0.002 m. Color bar in meters.
Displacement is scaled by a factor of 2.

Also for this problem, we check the sensitivity to the length parameter by
repeating the same problem with L = 0.008 m, 0.004 m, and 0.002 m. We have
found that stick and slip conditions are correctly distinguished with all the three
length parameters. Because the stick case is a standard linear elasticity problem,
we only present the displacement and contact stress results of the slip case (µ =

0.19) in Figs. 2.11 and 2.12. It can again be seen that the numerical solutions
show little sensitivity to L, at least for the length parameters considered which
are reasonably small compared with the domain size. Results in Fig. 2.12 also
confirm that the numerical solutions converge as L decreases.

L = 0.008 m L = 0.004 m L = 0.002 m

ux
4.5e-3

-2.0e-2

-4.5e-2

Figure 2.11: Displacement fields in length parameter sensitivity tests with L/h = 8.
Color bar in meters. Displacement is scaled by a factor of 2.

Figure 2.13 shows the Newton convergence behaviors of the stick and slip
cases when L = 0.002 m and L/h = 8. We can see that except the first load step
of the stick case, all load steps converged after a single update, which evinces
the linearity of the formulation. The first step of the stick case required multiple
iterations because a slip condition is initially assumed for the stress-free initial
condition and it has to be corrected by a Newton iteration. From the second
step, as a stick condition is identified from the last converged step, the problem
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Figure 2.12: Contact normal pressures and tangential stresses in length parameter sen-
sitivity tests with L/h = 8.
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remained linear. To confirm this statement, we have also repeated the same
problems by changing the initial contact condition to a stick condition. Then, as
shown in Fig. 2.14, the first load step of the slip case required two iterations for
convergence, and all other load steps in the stick and slip cases converged after a
single Newton update. Therefore, we can conclude that the formulation is linear
if the initial guess of the contact condition is correct, and that an incorrect guess
of the contact condition can be rectified during a Newton iteration.
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Figure 2.13: Residual vector norms during Newton iterations in the µ = 0.19 (slip) and
µ = 0.21 (stick) cases, when the initial contact condition is a slip condition.
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Figure 2.14: Residual vector norms during Newton iterations in the µ = 0.19 (slip) and
µ = 0.21 (stick) cases, when the initial contact condition is a stick condition.

2.4.3 Sliding of a block

In our third example, we simulate a problem whereby stick and slip conditions
coexist along an interface. The problem is an elastic block sliding on a rigid foun-
dation, which was introduced by (Oden & Pires, 1984) and later used by other
works such as Wriggers et al. (1990) and J. Simo and Laursen (1992). A slightly
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modified but essentially the same problem was also presented in Annavarapu
et al. (2014). As depicted in Fig. 2.15, this problem considers a rectangular elastic
block on a rigid foundation and applies tractions on its top and right boundaries.
The elasticity parameters of the block are E = 1000 kPa and n = 0.3. The rigid
foundation is approximated with a 109 times larger Young’s modulus and a zero
Poisson’s ratio, as done in Annavarapu et al. (2014). Emulating the setup of the
original problem, the interface is frictional with µ = 0.5 in the 3.6 m-long mid-
dle part, but it is frictionless elsewhere. Under the given condition, the frictional
part will mostly be sticked to the foundation but the frictionless parts will slip.
We test two cases of length parameters, L = 0.016 m and 0.008 m, with meshes
of L/h = 8. The problem is solved in a single step as in previous works.

elastic

-200 kPa

60 kPa

4 m 

3.6 m 

2 m

rigid

y

x

Figure 2.15: Setup of the sliding of a block problem.

Figure 2.16 compares deformed geometries obtained by our phase-field for-
mulation with numerical result in J. Simo and Laursen (1992) obtained by clas-
sical finite elements with an augmented Lagrangian method. It can be seen that
the two results are fairly similar and that the interface is partially slipped. For a
more direct comparison, in Fig. 2.17 the classical result is overlapped to phase-
field results obtained with L = 0.016 m and 0.008 m. We observe that the two
results are matched remarkably well, for both the L = 0.016 m and 0.008 m
cases. This agreement again demonstrates that the phase-field formulation can
correctly identify and reproduce stick and slip behaviors.

Previous studies have commonly used the contact normal pressures and
tangential stresses of this problem to study the performance of contact algo-
rithms. Here we also use these quantities to fully verify that the phase-field
formulation can treat contact constraints well without an algorithm. Figure 2.18
presents the contact normal pressures and tangential stresses at the interface
(when L = 0.008 m), comparing them with data digitized from J. Simo and
Laursen (1992) and Oden and Pires (1984). One can see that the contact pressures
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Figure 2.16: Comparison of deformed geometries obtained by classical finite elements
in J. Simo and Laursen (1992) and the phase-field method. The phase-field result has
been obtained with L = 0.016 m.

d
1.0

0.5

0.0

L = 0.016 m L = 0.008 m

Figure 2.17: Deformed geometries obtained by the phase-field method with L = 0.016
m and 0.008 m, superimposed by the deformed geometry in J. Simo and Laursen (1992)
shown in Fig. 2.16.

and stresses of the phase-field and classical solutions are also in excellent agree-
ment. This comparison has verified that the contact stresses and pressures of the
phase-field method are accurate even when slip and stick conditions are mixed.
Remarkably, embedded discontinuity methods have sometimes produced os-
cillatory solutions to the contact tractions of the same problem (see Fig. 8(d)
of Annavarapu et al., 2014 for example). However, as demonstrated throughout
this section, the phase-field method is always free of such oscillation because
it reformulates a contact problem as a continuum problem for which no algo-
rithm is necessary for contact constraints. Therefore, an appealing feature of the
phase-field method is that the method can address arbitrary crack geometry as
embedded discontinuity methods, but without oscillations in contact pressures
and stresses.

Lastly, we plot the Newton convergence behaviors of the L = 0.016 m and
0.008 m cases in Fig. 2.19. As shown, this problem requires more iterations than
prior examples because the interface here involves both stick and slip conditions
(the initial contact condition was slip). Therefore, Newton’s method did not con-
verge well initially. However, once the contact conditions of all points became
correctly identified, the residual decreased at a rate for a linear problem. This
behavior agrees well with our observation in the previous example.
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Figure 2.18: Contact normal pressures and tangential stresses in comparison with data
digitized from Oden and Pires (1984).
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2.4.4 Propagation of an inclined frictional crack

Following verification with stationary interface problems, we simulate propaga-
tion of a frictional crack to demonstrate the capability of the phase-field method
for modeling growth of a crack with frictional contact. To this end, we now allow
a crack to evolve according to fracture mechanics theory by solving the phase-
field equation (2.25) in every load step. The phase-field equation and the mo-
mentum balance equation (2.24) are solved sequentially as proposed by Miehe,
Hofacker, et al. (2010). Because this sequential solution method is now fairly
standard in the literature, its details are omitted for brevity. Also, because the
phase-field equation has a physical meaning now, W and Gc in the phase-field
equation should be calculated from physical quantities, rather than being arbi-
trarily assigned as before. Considering brittle shear fracture, we regard W as
the deviatoric part of strain energy and Gc as the mode II fracture energy. In
other words, we have modified a standard phase-field model for brittle fracture
to accommodate frictional contact.

The setup of our particular problem is illustrated in Fig. 2.20. The domain
is a 2 m wide and 4 m tall rectangle that possesses a 45� inclined crack from
coordinates (0.0,0.7) m to (1.3,2.0) m. The material parameters of the domain
are: E = 10000 MPa, n = 0.3, and Gc = 50 kJ/m2. To investigate the effect of
friction on this problem, we consider three values of friction coefficients, µ =

0.01, 0.10, and 0.30. For phase-field modeling, we use L = 0.016 m and locally
refine the mesh until L/h reaches 8 along the existing and expected crack path.
Note that the mesh is structured and so the elements are not aligned with the
crack direction. Once the preexisting crack is initialized as before, we vertically
compress the domain with a constant displacement rate of 2 ⇥ 10�4 m per load
step. Because the contact condition of this problem is rather simple, in most load
steps Newton’s method converged after a single update.

Figure 2.21 shows how the phase-field variable and the vertical displace-
ment field evolve during the course of loading when µ = 0.3. As shown, the
phase-field model well simulates propagation of the preexisting crack along the
45� direction until it reaches the upper right size of the domain. During the prop-
agation stage, the displacement field is discontinuous across the crack but still
continuous through the non-fractured region. After the crack has fully devel-
oped, however, the upper and lower parts of the domain are completely discon-
nected, and the upper part slips along the crack. Note that this post-fracture pro-
cess is essentially the same as stationary interface problems simulated earlier in
this section. We also note that other friction coefficient cases show qualitatively
identical responses in terms of the crack path and the displacement pattern.
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Figure 2.20: Setup of the propagation of an inclined frictional crack problem.

In Fig. 2.22 we plot the load–displacement curves of the three friction co-
efficient cases. As expected, the peak load and displacement increase with the
friction efficient. We also see that the two cases show more or less the same pat-
tern, in which the material fails in a brittle manner and then exhibits a residual
strength. The residual strength also increases with the friction coefficient, which
evinces the contribution from the frictional resistance along the crack.

Before closing this section, we would like to demonstrate the critical role of
contact treatment in phase-field modeling of crack propagation under compres-
sion. For this purpose, we simulate the same problem with the model of Amor et
al. (2009), whereby the contact condition is treated by the volumetric–deviatoric
decomposition of the stress tensor. This stress decomposition scheme is the only
difference from our phase-field formulation used above. We note that when
our formulation attempted to simulate this problem without friction (µ = 0), it
did not converge from the very first load step because all nodes along the pre-
existing crack slip immediately. However, although the volumetric–deviatoric
decomposition assumes frictionless contact, it can still simulate this problem
until the crack fully develops. This indicates that the inexact contact treatment
of the volumetric–deviatoric decomposition provides non-physical frictional re-
sistance along the interface. On a related note, we have also found that the
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Figure 2.21: Simulation results of the crack propagation problem with µ = 0.30. Dis-
placement is scaled by a factor of 5.
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Figure 2.22: Load–displacement curves of the three friction coefficient cases.

volumetric–deviatoric decomposition is unable to distinguish stick and slip con-
ditions correctly for the second example of this section.

Figure 2.23 compares simulation results from the two phase-field formula-
tions when ûy = �0.020 m. To minimize the influence of friction on the com-
parison, the µ = 0.01 case is shown in this figure. One can see that when the
volumetric–deviatoric decomposition is used for this problem, the crack path
becomes kinked, giving rise to rather unrealistic deformation responses. This
difference demonstrates that inappropriate estimation of contact stresses can
impact the crack driving force to the extent that alters the crack path direction.
Therefore, it can be concluded that accurate treatment of contact condition is crit-
ical to the application of phase-field modeling to compression-induced fracture
propagation, which is a classic problem in geomechanics (Hoek & Bieniawski,
1965; Horii & Nemat-Nasser, 1985; Ingraffea & Heuze, 1980; Nemat-Nasser &
Horii, 1982).

2.5 Closure

A phase-field method has been proposed for modeling cracks with frictional
contact. Built on standard approaches in phase-field modeling of fracture, the
proposed method calculates the stress tensor in a regularized interface region
by identifying the contact condition in an interface-oriented coordinate system.
By doing so, the phase-field method accommodates contact behavior in the in-
terface direction while imposing no-penetration constraints in other directions.
Using benchmark examples in the literature, we have verified that the proposed
method can provide numerical solutions very close to those obtained by a dis-
crete method, showing little sensitivity to the length parameter for phase-field
regularization. Moreover, by allowing the crack to evolve according to brittle
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Figure 2.23: Comparison of simulation results at ûy = �0.020 m between those ob-
tained by phase-field models with the contact formulation proposed in this work (with
µ = 0.01) and the volumetric–deviatoric decomposition proposed by Amor et al. (2009).
Displacement is scaled by a factor of 5.
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fracture theory, we have demonstrated that the proposed phase-field method
can also simulate propagation of frictional cracks.

The proposed phase-field method has two key features that make it an ap-
pealing alternative to standard discrete methods. First, it can model a crack
passing through the interior of elements without an explicit representation of
geometry or enrichment of basis functions. Second, it does not require a sophis-
ticated algorithm for imposing contact constraints on crack surfaces. Thanks to
these two features, the phase-field method can be implemented far more eas-
ily than most of existing methods for frictional cracks. Furthermore, much like
phase-field models of opening fractures, the proposed method may be well ap-
plied to more complex settings such as finite deformations, bulk plasticity, and
coupled multiphysics. Therefore, it is believed that the phase-field method can
be an attractive option even for modeling frictional interfaces that are stationary,
let alone those that evolve.
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Chapter 3 A phase-field model of frictional shear fracture
in geologic materials

This chapter is published in: Fei, F. and Choo, J. (2020). “A phase-field model
of frictional shear fracture in geologic materials.” Computer Methods in Applied
Mechanics and Engineering, 369, 113265.

3.1 Introduction

The initiation and growth of geologic shear fractures (e.g. faults and slip sur-
faces) are a common trigger of various subsurface failures including onshore
and offshore landslides (Bjerrum, 1967; Borja et al., 2016; Cooper et al., 1998; Dey
et al., 2015; Locat et al., 2011; Quinn et al., 2011; Skempton, 1964; Veveakis et al.,
2007). They are also central to a number of geomorphological processes, having
significant implications in structural geology and other relevant fields (Pater-
son & Wong, 2005; Pollard & Fletcher, 2005; Sanz et al., 2007; Sanz et al., 2008;
Schultz, 2019; Segall & Pollard, 1980). Predictive modeling of shear fracture pro-
cesses in geologic materials is thus an important task for scientists and engineers
alike.

Shear fractures in geologic materials display a few important characteristics
that distinguish them from fractures considered by classic linear elastic fracture
mechanics theory or cohesive zone models. First, the two surfaces of a geologic
shear fracture are usually in contact with friction—unlike those of an opening
fracture—because geologic materials in the field are subjected to some amount
of confining pressure. This frictional contact not only gives rise to the residual
shear strength of a crack but also plays a critical role in the mechanics of frac-
ture propagation. Second, unlike most other types of fractures that only nucle-
ate under tensile stress, shear fractures in geologic materials can develop under
compressive stress as a consequence of crack initiation, growth, and coalescence
from preexisting flaws (Healy et al., 2006; H. Lee & Jeon, 2011; Menéndez et al.,
1996; L. N. Y. Wong & Einstein, 2009c; X. Y. Wu et al., 2000). It is noted that
indeed the majority of geologic shear fracture processes take place under sig-
nificant compressive loads. Third, the peak and residual shear strengths of a
geomaterial depend strongly on the current confining pressure because the ma-
jor portion of the strengths stem from the frictional resistance between grains.
Due to these distinct characteristics, dedicated efforts are required to accurately
model shear fractures in geologic materials.

In 1973, Palmer and Rice (1973) formulated a fracture mechanics theory for
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the growth of slip surfaces in overconsolidated clays.1 Using the J-integral ap-
proach (J. R. Rice, 1968), they derived an energy-based condition that governs
the propagation of a preexisting slip surface. The crux of their theory is the
explicit incorporation of the frictional energy during slip into the propagation
condition, which is absent in other theories for tensile fractures for an obvi-
ous reason. They have formally shown that the energy release rate during the
growth of a slip surface is the sum of the shear fracture energy and the frictional
energy, and that the shear fracture energy can be estimated from a shear stress–
slip curve as illustrated Fig. 3.1. The theory of Palmer and Rice has been well
applied to a number of problems related to the propagation of slip surfaces and
faults (Abercrombie & Rice, 2005; McClung, 1979; J. R. Rice, 2006; Viesca & Rice,
2012; T.-f. Wong, 1982). Furthermore, since early 2000s, Puzrin and cowork-
ers have generalized the theory to more ductile geomaterials (Puzrin & Ger-
manovich, 2005) and applied it to pioneer a new method for geomechanical sta-
bility analyses which they termed the shear band propagation approach (Puzrin
et al., 2016; Puzrin et al., 2004; Puzrin et al., 2017; Puzrin, 2016; Puzrin et al.,
2019; Puzrin & Schmid, 2011). The approach has shown remarkable success in
analyzing a wide variety of geologic hazard problems, which proves the physi-
cal soundness of the underlying theory.

frictional sliding so!ening intact
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Figure 3.1: Schematic illustration of Palmer and Rice’s theory (Palmer & Rice, 1973).
(Left) During shear fracturing, frictional sliding takes place along an existing slip sur-
face while the process zone undergoes strain softening. The shear stress (t) equals the
residual shear strength (tr) along the slip surface, and it ranges between the residual
shear strength and the peak shear strength (tp) in the process zone. (Right) The shaded
area in the shear stress versus slip (d) curve corresponds to the shear fracture energy
(GI I) of the material. The shear fracture energy is equal to the energy release rate at
Point P (Jp) minus trdp where dp is the slip at Point P.

1Technically speaking, Palmer and Rice (1973) referred to a slip surface as a shear band. How-
ever, in the modern geomechanics literature, the term shear band is usually reserved for a tabular
zone of localized strain, which is distinguished from a sharp discontinuity such as a slip sur-
face (Aydin et al., 2006; Borja & Aydin, 2004; Schultz & Fossen, 2008). For this reason, the shear
discontinuity of our interest is called a shear fracture in this paper. Note, however, that it is not
uncommon in geomechanics to treat a shear band as a sharp (strong) discontinuity, because the
thickness of a shear band—which is in the order of grain size—is often negligible for field-scale
problems. If this viewpoint is adopted, the phase-field model developed in this work may also be
applied to shear bands in brittle geomaterials.
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Nevertheless, the fracture mechanics theory of Palmer and Rice (1973) has
not been well incorporated into computational models of shear fractures in geo-
logic materials. The vast majority of models in the literature has relied on Mohr–
Coulomb theory for shear strength and/or its plasticity versions to simulate the
development of a frictional crack (Borja & Regueiro, 2001; Regueiro & Borja,
1999; Z. Wu & Wong, 2012, 2013). Although Mohr–Coulomb theory can reli-
ably capture the pressure-dependent nature of the peak shear strength, it does
not inform one how strain-softening takes place in the fracture process zone.
So Mohr–Coulomb theory alone is insufficient to model the process of shear
fracture propagation. Borja and coworkers (Borja & Foster, 2007; Foster et al.,
2007; F. Liu & Borja, 2009) addressed this issue by inserting a slip weakening
law from Palmer and Rice’s theory into elements that undergo softening after
bifurcation. It is however noted that this approach still deviates from the theory
of Palmer and Rice (1973), because the propagation condition is not based on
energy dissipation. Also, such post-bifurcation enrichment requires the use of
a discrete numerical method for discontinuities such as the assumed enhanced
strain method (Borja & Lai, 2002; Regueiro & Borja, 2001; J. C. Simo et al., 1993)
or the extended finite element method (Dolbow et al., 2001; F. Liu & Borja, 2008,
2010b, 2013; Prévost & Sukumar, 2016; Sanborn & Prévost, 2011), plus explicit
treatment of frictional contact along a discontinuity. Unfortunately, in this kind
of discrete method, algorithms for enriching basis functions and tracking discon-
tinuous geometry are often onerous to implement and possible sources of bias.
The algorithmic difficulty becomes amplified when the discontinuity evolves
with frictional contact.

As introduced in Chapter 1, phase-field models of fracture have emerged as
a continuous method for simulating the formation and growth of a crack with-
out an algorithm to track the crack geometry (Borden et al., 2012; Bourdin et al.,
2008; Miehe, Welschinger, et al., 2010). Many phase-field models have also been
developed for geomaterials under mechanical and non-mechanical loads (Choo
& Sun, 2018b; Ha et al., 2018; S. Lee et al., 2016; Santillán et al., 2017), but they
have focused only on tensile fractures. A few notable exceptions are as fol-
lows. X. Zhang et al. (2017) and Bryant and Sun (2018) proposed phase-field
models of mixed-mode (tensile and shear) fractures and applied them to sim-
ulate the growth of cracks in laboratory-scale specimens. While these models
successfully reproduced shear and mixed-mode fractures as observed from ex-
periments, they neglected the pressure dependence of geomaterials. Choo and
Sun (2018a) introduced a framework that couples phase-field modeling with
pressure-sensitive plasticity, demonstrating that it can simulate an array of fail-
ure modes of geomaterials—from tensile fracture to shear fracture to ductile
flow—and their transition by confining pressure. Yet the coupled phase-field
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and plasticity framework did not explicitly distinguish between shear and ten-
sile fractures, although they are known to be very different for geomaterials.

Critically, the existing phase-field formulations for shear fractures in geo-
logic materials are not consistent with the fracture mechanics theory of Palmer
and Rice (1973). The main reason is that none of them has explicitly and accu-
rately incorporated friction along a fracture and its contribution to the fracture
propagation process. Only very recently, Fei and Choo (2020a) have proposed
a stress-decomposition scheme for phase-field modeling of frictional cracks and
interfaces. However, the stress-decomposition scheme focused mainly on mod-
eling frictional contact in a given interface, rather than the propagation of a fric-
tional crack. Indeed, any combination of the stress-decomposition scheme with
an existing phase-field model will still be inconsistent with the theory of Palmer
and Rice (1973), because its stress–strain response must be sensitive to the length
parameter introduced for phase-field regularization. In other words, the peak
and residual shear strengths of such combination will inevitably depend on
the length parameter introduced for a diffuse approximation of sharp geome-
try. However, these strengths should be independent of the length parameter
because they are prescribed material parameters in the Palmer and Rice’s theory
(cf. Fig. 3.1).

In this chapter, we develop the first phase-field formulation for shear frac-
ture in pressure-sensitive geomaterials that is fully consistent with the fracture
mechanics theory of Palmer and Rice (1973). The development entails two un-
precedented, formidable challenges in phase-field modeling of fracture: (i) in-
corporation of the slip-induced frictional energy into the fracture propagation
mechanism, and (ii) length-insensitive modeling of the stress–strain response in
the presence of peak and residual strengths that depend on confining pressure.
To address the first challenge, we build on the stress-decomposition scheme for
diffuse interfaces with frictional contact (Fei & Choo, 2020a) as introduced in
the last chapter, and derive a set of governing equations for different contact
conditions (or lack thereof) with an explicit consideration of frictional energy
under a slip condition. Subsequently, to tackle the second challenge, we extend
a methodology originally developed for cohesive tensile fracture that render a
phase-field formulation virtually insensitive to the phase-field length parame-
ter (Geelen et al., 2019; J.-Y. Wu, 2017; J.-Y. Wu & Nguyen, 2018), which them-
selves are built on cohesive-type gradient damage formulations pioneered by
Lorentz and coworkers (Lorentz & Godard, 2011; Lorentz, 2017; Lorentz et al.,
2011, 2012). Note that the extension of the existing methodology is a remark-
able task in that here we must deal with two strengths—peak and residual shear
strengths—that evolve by confining pressure during the course of loading, in-
stead of a single, constant peak strength as in cohesive tensile fracture. It will be
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shown that the resulting phase-field formulation is remarkably consistent with
Palmer and Rice’s theory.

The chapter is organized as follows. In Section 3.2, we develop the formula-
tion of the phase-field model, describing the main contributions of this work. In
Section 3.3, we discretize the formulation and devise algorithms for numerical
implementation of the proposed model. In Section 3.4, we present numerical
examples to verify the phase-field model and investigate its capabilities for sim-
ulating shear fracture processes in geologic materials under various conditions.
We conclude the chapter in Section 3.5.

3.2 Phase-field Formulation

The purpose of this section is to develop a new phase-field formulation for shear
fracture in geologic materials under confining pressure. Particular attention is
paid to achieving full consistency with the fracture mechanics theory of Palmer
and Rice (1973). Therefore, as in the theory, we will consider quasi-brittle ge-
omaterials in which plasticity and finite deformations are negligible. Inertial
effects will also be ignored.

3.2.1 Phase-field approximation

Consider the boundary-valued problem as defined in Section 1.2. The time do-
main is denoted by T := [0, tmax], and t 2 T denotes the current time. Fol-
lowing the standard phase-field modeling approach as presented in Section 1.2,
we diffusely approximate the sharp geometry of G by introducing a phase-field
variable, d 2 [0, 1].

Then, we discuss the selection of the local dissipation term a(d) in the crack
density function in Eq. (1.2). Normally, it is chosen as a(d) := d2 in standard
phase-field models of brittle fracture (Borden et al., 2012; Bourdin et al., 2008;
Miehe, Welschinger, et al., 2010). It is now well-known that this choice of a(d)
makes the peak strength of the material sensitive to the phase-field length pa-
rameter, L (Borden et al., 2016; Mandal et al., 2019). However, such length-
sensitivity is undesirable for phase-field modeling of cohesive fracture because
the peak strength of a cohesive zone model is a prescribed material parameter
which should not be affected by L. This is also the case in this work because
we aim at modeling shear fracture with prescribed peak and residual shear
strengths. Therefore, here we use a(d) := d, which was proposed by Bourdin
et al. (2014) and then applied by Geelen et al. (2019) for length-insensitive phase-
field modeling of dynamic cohesive fracture. Inserting a(d) := d into Eq. (1.2),
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we get the following specific form of the crack density function:

Gd(d,rd) =
3
8


d
L
+ Lrd ·rd

�
. (3.1)

It is noted that other forms of a(d) have also been advanced for length-insensitive
phase-field modeling of cohesive tensile fracture. Notable examples are pre-
sented in the work of J.-Y. Wu (2017). Here we have chosen a(d) := d for its
relative simplicity, and we expect that other forms of a(d) may be equally well
employed in the succeeding model development as long as they are compatible
with length-insensitive phase-field modeling.

3.2.2 Stress decomposition in frictional interfaces

For phase-field modeling of shear fracture under compressive stress, we must
model the frictional behavior of a diffusely approximated interface. For this
purpose, we adopt the stress-decomposition scheme proposed by Fei and Choo
(2020a), which is a simple yet accurate method for incorporating frictional con-
tact into phase-field modeling. In what follows, we describe the essence of
the stress-decomposition scheme, noting some points that specialize in a strain-
softening material depicted in Fig. 3.1.

In phase-field modeling of fracture, the overall stress tensor at a material
point, �, is calculated by interpolating the stress tensor in the bulk (intact) re-
gion, �m, and the stress tensor in the interface (fully fractured) region, � f . This
interpolation can be written as

� = g(d)�m + [1 � g(d)]� f , (3.2)

where g(d) is the degradation function as introduced in Chapter 2, which is
subjected to the constraints given in Eq.(2.4). One can see that any form of g(d)
satisfying Eq.(2.4) gives � = �m in an intact region where d = 0, and � = � f

in a fully damaged region where d = 1. The most common form of g(d) in the
phase-field literature is g(d) = (1 � d)2. However, this form of g(d) inevitably
makes the stress–strain response sensitive to the phase-field length parameter.
Indeed, to suppress the length-sensitivity of a phase-field formulation, the form
of g(d) should be carefully derived (Geelen et al., 2019; J.-Y. Wu, 2017; J.-Y. Wu
& Nguyen, 2018). Later in this section, we will select a generic form of g(d)
compatible with length-insensitive modeling and derive its specific expression
for our phase-field formulation for shear fracture.

The bulk stress tensor is calculated using a standard stress–strain constitu-
tive model in continuum mechanics. A general stress–strain relationship can be
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written in the rate form as

�̇m = Cm : "̇, (3.3)

where Cm is the fourth-order stress–strain tangent tensor and " is the infinitesi-
mal strain tensor defined as the symmetric gradient of the displacement vector,
u. For simplicity, we assume that the pre-failure behavior is well described by
isotropic linear elasticity. Then Cm equals the linear elastic stiffness tensor, Ce,
given by

Cm = Ce := K1⌦ 1+ 2G
✓

I �
1
3
1⌦ 1

◆
, (3.4)

where K and G are the bulk modulus and the shear modulus, respectively, 1 is
the second-order identity tensor, and I is the fourth-order symmetric identity
tensor. The bulk and shear moduli can be converted into other elasticity pa-
rameters such as Young’s modulus E and Poisson’s ratio n. We note that the
assumption of isotropic linear elasticity can be relaxed if one wants to capture
more realistic pre-failure behavior (Choo et al., 2013; Choo et al., 2011).

The interface stress tensor is determined according to the contact condition
of the interface. To identify the contact condition, we adopt the coordinate sys-
tem oriented to the normal and tangential directions of the interface as presented
in Fig. 2.1. We recall that the unit normal vector is denoted by n, and the slip
vector is denoted by m, of an interface. Then we can define the contact normal
strain, #N, as

#N ⌘ #nn = " : (n⌦n). (3.5)

Using #N as the gap function in classic contact mechanics, we consider the in-
terface is open when #N > 0 and in contact otherwise. When the interface is in
contact, we further distinguish between stick and slip conditions using a yield
function that gives f < 0 under a stick condition and f = 0 under a slip condi-
tion. For a strain-softening material depicted in Fig. 3.1, the yield function can
be written as

f := |t|� tY  0. (3.6)

Here, t is the overall resolved shear stress, calculated as

t :=
1
2
� : ↵, where ↵ := m⌦n+n⌦m, (3.7)

and tY is the yield stress.
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The interface stress tensor is then calculated depending on the contact con-
dition as follows:

� f =

8
>>><

>>>:

0 if open,

�m if stick,

�friction + �no�penetration if slip.

(3.8)

The stress calculations in the first two cases (open and stick) are obvious. In
the last case (slip), the interface stress tensor is decomposed into the frictional
component in the contact tangential direction, �friction, and the no-penetration
component in the contact normal direction, �no�penetration. To write specific ex-
pressions for the two components, we define

tm :=
1
2
�m : ↵. (3.9)

Then the frictional and no-penetration components are expressed as

�friction = tr↵, �no�penetration = �m � tm↵, (3.10)

because tr is the shear stress mobilized along a discontinuous slip surface. In-
serting these expressions into Eq. (3.2), we get the expressions for the overall
stress tensor as

� =

8
>>><

>>>:

g(d)�m if open,

�m if stick,

�m � [1 � g(d)]tm↵+ [1 � g(d)]tr↵ if slip.

(3.11)

It is noted that for the expression under a slip condition, the first two terms are
related to the bulk deformation whereas the last term is related to the slip in the
interface. Also, from the last expression in Eq. (3.11), we can write the overall
resolved shear stress, t, as

t = g(d)tm + [1 � g(d)]tr, (3.12)

which is consistent with the interpolation for the overall stress tensor, Eq. (3.2).
One can see that t = tm in an intact zone where d = 0, tr < t < tp in the
process zone where 0 < d < 1 and tm > tr, and t = tr in a fully developed slip
surface where d = 1. This is also consistent with the shear stress distribution
in the problem of slip surface growth in a strain-softening material, depicted in
Fig. 3.1.

Remark 3. The foregoing treatment of frictional contact assumes that dilation is
absent in frictional slip. This assumption is standard in contact mechanics and
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also consistent with the theory of Palmer and Rice (1973). However, fractures
in geologic materials often show some amount of shear-induced dilation due to
surface roughness or gouge materials. The effect of fracture dilation would be
small, but it can be critical in some cases such as coupled poromechanical prob-
lems. Extension of the current formulation to dilatant fractures will be presented
in future work.

3.2.3 Governing equations

Following the work of da Silva et al. (2013), we will obtain the two governing
equations of the phase-field model from the balance of macroscopic momentum
as

r ·
✓

∂y(", d,rd)
∂"

◆
�

∂y(", d,rd)
∂u

= 0, (3.13)

and from the balance of microscopic force as

r ·
✓

∂y(", d,rd)
∂rd

◆
�

∂y(", d,rd)
∂d

=

(
bḋ if ḋ > 0,
�pr if ḋ = 0.

(3.14)

Here, b is a parameter related to the rate-dependence of the fracturing process,
and we set b = 0 in this work to consider rate-independent fracture. Also,
pr is the reactive microforce introduced for enforcing the crack irreversibility
constraint. Lastly, y denotes the potential energy density at a material point.
For the problem at hand, it is given by

y = ye + yf + yd
� yb, (3.15)

where ye is the strain energy due to elastic deformation, yf is the frictional en-
ergy due to slip, yd is the fracture energy due to the generation of discontinuous
surfaces, and yb is the external energy due to body force.

Our task is then to determine specific expressions for the four energy terms
in Eq. (3.15). Note that the first two energy terms, ye and yf, have different forms
according to the contact condition. So we consider their rate forms to accommo-
date their incremental nonlinearity. The rate of the strain energy density, ye, is
given by

ẏe =

8
>>><

>>>:

g(d)�m : "̇ if open,

�m : "̇ if stick,

�m : "̇� [1 � g(d)]tmġ if slip,

(3.16)
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where g := " : ↵. Next, the rate of the frictional energy density, ẏf, can be
written as

ẏf =

8
>>><

>>>:

0 if open,

0 if stick,

[1 � g(d)]trġ if slip.

(3.17)

It is noted that this expression is a continuum version of the frictional energy
considered in Palmer and Rice (1973), for an interface region where d = 1. The
last two energy terms, yd and yb, are independent of contact conditions. The
fracture energy density is given by

yd = GI IGd(d,rd) =
3GI I

8L
[d + L2rd ·rd], (3.18)

where GI I is the shear fracture energy. Note that GI I depends heavily on the
amount of slip, varying by orders of magnitude (Abercrombie & Rice, 2005).
Within the same order of magnitude, it can also be changed by the normal stress
and temperature (Z. Liu & Rummel, 1990; T.-f. Wong, 1986). In this work, for
simplicity, we will prescribe GI I based on the expected amount of slip, neglecting
its dependence on the normal stress and temperature. Lastly, the external energy
is given by

yb = rg · u , (3.19)

where r is the mass density of the body, and g is the gravitational acceleration
vector.

Having determined the four energy terms, we now derive specific expres-
sions for the governing equations (3.13) and (3.14). Due to the incrementally
nonlinear nature of the post-peak behavior, the derivation must consider a se-
quence of loading/unloading. In what follows, we will first consider a mono-
tonic loading sequence in which a material point is intact (d = 0) initially, un-
dergoes slip-induced fracturing (ḋ > 0) after shear stress reaches the peak shear
strength, and becomes fully fractured (d = 1) manifesting the residual shear
strength. Then we will consider an unloading sequence in which fracture does
not grow (ḋ = 0). Note that the loading and unloading cases after the peak
stress can be distinguished by the yield function, i.e. f = 0 for loading (slip)
and f < 0 for unloading (stick), similar to classic plasticity. For brevity, in what
follows we will focus on a material point under compressive stress. It is noted
that fracturing under tensile stress can be addressed by an existing phase-field
model of opening fracture.
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Intact condition Consider an intact (d = 0) region of which the contact con-
dition cannot be defined due to the absence of an interface. Assume that shear
stress does not reach the peak shear strength in any direction. For this intact re-
gion, we adopt the form of the governing equations of existing phase-field mod-
els of cohesive fracture (Geelen et al., 2019; J.-Y. Wu, 2017; J.-Y. Wu & Nguyen,
2018) and write them as

r ·�m + rg = 0

�g0(d)Ht +
3GI I

8L
�
2L2r ·rd � 1

�
= 0

9
>=

>;
if intact. (3.20)

Here, Ht is the threshold fracture energy per unit volume, which is defined as
the crack-driving part of the strain energy at the peak stress. This term is intro-
duced in phase-field models of cohesive fracture (Geelen et al., 2019; J.-Y. Wu,
2017; J.-Y. Wu & Nguyen, 2018) to prevent fracturing until stress reaches a pre-
scribed peak strength. Note that shear fracture in the theory of Palmer and Rice
(1973) also nucleates only when shear stress reaches the peak shear strength.
While Ht for opening fracture can be straightforwardly determined as the ten-
sile strain energy at the peak strength, its determination for shear fracture is
not straightforward because not all part of the shear strain energy contributes
to shear fracturing in which frictional energy dissipation exists. Therefore, the
specific form of Ht will be derived later when we furnish the formulation to be
insensitive to the phase-field length parameter, L. It is also noted that the same
set of governing equations can be used for both loading and unloading in an
intact region.

Slip (loading) condition Next, consider the subsequent stage of loading in
which shear stress reaches the peak shear strength and then decreases to the
residual shear strength. During this strain-softening process, an interface region
(0 < d  1) emerges and undergoes slip throughout. To derive the governing
equations in this process, we first have to determine the strain and frictional en-
ergies, ye and yf. To accommodate the pressure-induced evolution of tr during
slip, we integrate the rate forms of the energy terms during the time of slip and
add them to the energies when slip started, i.e. when shear stress in an intact
region reached tp. Denoting by tp the time at the beginning of slip, the strain
and frictional energies can be written as

ye = ye
|tp +

Z t

tp

�m : "̇dt �
Z t

tp

[1 � g(d)]tmġ dt, (3.21)

yf = yf
|tp +

Z t

tp

[1 � g(d)]trġ dt, (3.22)
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where ye
|tp and yf

|tp refer to the strain and frictional energies at tp. Obviously,
yf
|tp = 0 because yf = 0 in the beginning and ẏf = 0 before slip. In addition,

from the definition of Ht and Eq. (3.14), we get

∂ye
|tp

∂d
= g0(d)Ht. (3.23)

We then insert Eqs. (3.21)–(3.23) into Eqs. (3.13) and (3.14), and substitute ġ =

dg/dt into the time-integrated equations. The governing equations for post-
peak loading ( f = 0) are obtained as

r · {�m � [1 � g(d)](tm � tr)↵}+ rg = 0

�g0(d)H+
3GI I

8L
�
2L2r ·rd � 1

�
= 0

9
>=

>;
if slip. (3.24)

where

H := Ht +Hslip, Hslip :=
Z g

gp

(tbulk � tr)dg. (3.25)

Here, Hslip is the crack driving force emanating from the slip motion, and H is
the total crack driving force which also includes the crack driving force accu-
mulated from the pre-peak deformation. Also, gp denotes the shear strain in
the slip direction when t = tp, such that the amount of frictional slip can be
calculated as g � gp.

Stick (unloading) condition Lastly, consider the case of post-peak unloading
in which shear stress decreases after fracture has developed. In this case, the in-
terface is stick and the material point behaves as an intact material. So we obtain
� = �m and yf = 0. Also, because ḋ = 0 during unloading, pr appears on the
right hand side of the microforce equation (3.14) to ensure crack irreversibility.
Therefore, the governing equations in this case are given by

r ·�m + rg = 0

3GI I

8L
�
2L2r ·rd � 1

�
= �pr

9
>=

>;
if stick. (3.26)

Following the algorithm of Miehe, Hofacker, et al. (2010), which has widely been
used in phase-field models of fracture, we set pr as

pr = �g0(d) max
t2[0,t]

H(t). (3.27)

It is noted that the governing equations in this unloading case are equivalent
to those in most existing phase-field models under compressive stress, in which
the stress tensor is not degraded and the crack driving force is not updated.
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However, in the current model, these equations arise only when the interface is
stick.

Remark 4. The crack driving force during slip, Hslip in Eq. (3.25), is expanded as

Hslip =
Z g

gp

tm dg �

Z g

gp

tr dg

| {z }
frictional
energy

. (3.28)

As noted in the above equation, the second term on the right hand side excludes
the frictional energy dissipation from the crack driving force. Not only is this
term conceptually consistent with the theory of Palmer and Rice (1973), but it
also is quantitatively consistent because the frictional energy in the discrete the-
ory is trd (cf. Fig. 3.1) and g is the continuum counterpart of d. Note that this
term has naturally emerged as a consequence of using the stress-decomposition
scheme of Fei and Choo (2020a).

3.2.4 Derivation of degradation function and threshold fracture energy

To complete the formulation, we further derive specific expressions for the degra-
dation function, g(d), and the threshold fracture energy, Ht. The derivation
will be guided by the fact that standard continuum mechanics theory, which is
adopted in this work as well as Palmer and Rice (1973), does not have a ma-
terial length scale. Such absence of a material length scale requires that the
stress–strain response of the phase-field formulation should not be sensitive to
the phase-field length parameter, L. In what follows, we show that this length-
insensitivity argument allows us to arrive at specific expressions for g(d) and
Ht.

We begin the derivation by adopting a generic form of g(d) compatible with
the crack density function (3.1), given by

g(d) =
(1 � d)n

(1 � d)n + md(1 + pd)
. (3.29)

In this paper, we focus on two particular forms that were used by Geelen et al.
(2019) for phase-field modeling of cohesive opening fracture and referred to as
quasi-quadratic and quasi-linear functions. The quasi-quadratic function is re-
covered by setting n = 2 and p � 1, and the quasi-linear one by n = 1 and
p = 0. For the quasi-quadratic function, p acts as a material parameter con-
trolling the softening behavior, which can be calibrated to fit experimental data.
(See Geelen et al., 2019 for example.) The quasi-quadratic degradation function
was originally proposed by Lorentz and coworkers (Lorentz, 2017; Lorentz et
al., 2011), while the quasi-linear degradation function was derived by Geelen et
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al. (2019). The remaining parameter, m, is not a free parameter and determined
from other material properties. To wit, consider an intact domain where d = 0
throughout. To satisfy the microforce balance in Eq. (3.20), it is required that

m =
3GI I

8L
1
Ht

, (3.30)

because g0(0) = �m. The above equation shows that g(d) will be completely
determined once a specific expression for Ht is derived.

Next, to derive Ht, consider a monotonic slip process from the peak shear
strength. Noting that tm = Gg and tp = Ggp, we can expand Hslip defined in
Eq. (3.25) as follows:

Hslip =
Z g

gp

(tm � tr)dg

=
Z g

gp

(Gg � tr)dg

=
G
2
[g2

� g2
p]� tr[g � gp]

=
G
2
[g2

� (tp/G)2]� tr[g � (tp/G)]

=
1

2G

⇣
t2

m � t2
p

⌘
�

tr

G
�
tm � tp

�

=
1

2G
�
tm + tp � 2tr

� �
tm � tp

�
. (3.31)

Also, rearranging Eq. (3.12) gives

tm =
t � tr

g(d)
+ tr. (3.32)

Then we insert Eq. (3.32) into Eq. (3.31) and get

Hslip =
1

2G

✓
t � tr

g(d)
+ tp � tr

◆✓
t � tr

g(d)
+ tr � tp

◆

=
1

2G

"✓
t � tr

g(d)

◆2
�
�
tp � tr

�2
#

. (3.33)

Substituting the above equation into Eq. (3.25), we obtain an alternative expres-
sion for H as

H = L +
1

2G

✓
t � tr

g(d)

◆2
, where L := Ht �

1
2G
�
tp � tr

�2 . (3.34)

We now consider the balance of microforce in the slip direction, which is essen-
tially a 1D simple shear problem. For this 1D setting, the microforce balance
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equation can be written as

3GI I

8L

✓
2L2 d2d

dx2 � 1
◆
� g0(d)

"
L +

1
2G

✓
t � tr

g(d)

◆2
#
= 0, (3.35)

where H is substituted by Eq. (3.34). To solve this equation for t, we adopt
the solution procedure of Geelen et al. (2019) for a 1D phase-field equation for
fracture. Multiplying dd/dx to the above equation gives

d
dx

(
3GI I

8L

 
L2
✓

dd
dx

◆2
� d

!
� g(d)

"
L �

1
2G

✓
t � tr

g(d)

◆2
#)

= 0. (3.36)

To integrate this equation, consider the following boundary conditions:

d(d⇤, b) = 0,
dd
dx

(d⇤, b) = 0. (3.37)

Here, b denotes the half width of the interface region along the interface normal
direction, which may be related to the maximum value of the phase-field vari-
able d⇤ in the interface region. See Fig. 3.2 for illustration. Integrating Eq. (3.36)
with the above boundary conditions gives

3GI I

8L

"
L2
✓

dd
dx

◆2
� d

#
+ [1 � g(d)]L +

1 � g(d)
2Gg(d)

(t � tr)
2 = 0. (3.38)

To further simplify the equation, recall that the distribution of the phase field
must be symmetric across [�b, b]. This symmetry consideration gives the fol-
lowing conditions:

d(d⇤, 0) = d⇤,
dd
dx

(d⇤, 0) = 0. (3.39)

Using these additional conditions, we rewrite Eq. (3.38) as

�
3GI I

8L
d⇤ + [1 � g(d⇤)]L +

1 � g(d⇤)
2Gg(d⇤)

(t � tr)
2 = 0, (3.40)

which is a function of d⇤. Then, we can express t as

t = tr +

s⇢
3GI I

8L
d⇤ � [1 � g(d⇤)]L

�
2Gg(d⇤)
1 � g(d⇤)

. (3.41)

According to Eqs. (3.29) and (3.30), one can see that

g(d⇤)
1 � g(d⇤)

=
(1 � d⇤)n

md⇤(1 + pd⇤)
=

8LHt

3GI I

(1 � d⇤)n

d⇤(1 + pd⇤)
. (3.42)
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Inserting the above equation into Eq. (3.41), we get

t = tr +

s⇢
3GI I

8L
d⇤ � [1 � g(d⇤)]L

�
8LHt

3GI I

2G(1 � d⇤)n

d⇤(1 + pd⇤)
. (3.43)

From Eq. (3.43), one can find that any L 6= 0 will render t as a function of
L, which means that the shear stress will be sensitive to the phase-field length
parameter. Therefore, L should be zero to ensure that the stress–strain behavior
will be independent of L. The requirement of L = 0 in Eq. (3.34) leads to the
conclusion that Ht should take the following form:

Ht =
1

2G
(tp � tr)

2. (3.44)

It is noted that Ht can be expressed using three prescribed material parameters,
namely G, tp, and tr. To prove the length-insensitivity of the resulting phase-
field formulation, we insert Eq. (3.44) into Eq. (3.43). Then the shear stress be-
comes expressed as

t = tr +

s
d⇤(1 � d⇤)n

d⇤(1 + pd⇤)
(tp � tr)2, (3.45)

where L no longer appears. One can also see that p in the degradation func-
tion (3.29) controls how shear stress evolves during the strain-softening phase.

−� −� −� � � � �

�

d∗

−b b

x�L

d(x)

Figure 3.2: Definitions of d⇤ and b for a phase-field distribution along the interface
normal direction.

The above 1D problem can be further used to analyze the phase-field model
derived in this work, much like how Geelen et al. (2019) analyzed their own
phase-field model of cohesive tensile fracture. In Appendix A, we present such
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analysis of the proposed model in terms of fracture energy dissipation and slip
displacement.

Remark 5. The derived expression for the threshold fracture energy, Eq. (3.44), is
fully consistent with the crack driving force at the tip of a slip surface derived
by Palmer and Rice (1973). The crack driving force at the tip, Eq. (17) in Palmer
and Rice (1973), can be written in our notation as

h
2G

(tp � tr)
2, (3.46)

where h is the height of the domain containing a horizontal slip surface under
simple shear. Because the threshold fracture energy is defined as the crack driv-
ing force at peak stress per unit volume, h = 1 for Ht—and this leads to the
exactly same equation as Eq. (3.44). This theoretical consistency further justifies
our derivation of Eq. (3.44).

Remark 6. For phase-field models of cohesive fracture, it is known that there ex-
ists an upper bound on L which is related to the fracture energy and the thresh-
old fracture energy. The upper bound on our L may be found by substituting GI I

and Ht in Eq. (3.44) into Eq. (27) of Geelen et al. (2019) (note that our L equals
one half of L in their paper). This gives

L  k
GI IG

(tp � tr)2 , (3.47)

where k = 3/4(p + 2) and k = 3/4 for the quasi-quadratic and quasi-linear
degradation functions, respectively. Notably, this upper bound is closely related
to the size of the process zone in the theory of Palmer and Rice (1973). To wit,
we combine Eqs. (39) and (44) of Palmer and Rice (1973) and write the size of
the process zone as

w =
9p

16(1 � n)
GI IG

(tp � tr)2 . (3.48)

One can see that the upper bound on L, Eq. (3.47), and the process zone size w,
Eq. (3.48), are commonly proportional to GI IG/(tp � tr)2. We note that similar
relations have also been found between the size of the process zone in opening
fracture and the upper bound on the length parameter of existing phase-field
models of cohesive tensile fracture (Geelen et al., 2019; J.-Y. Wu, 2017). This sim-
ilarity affirms the consistency of our model with phase-field models of cohesive
fracture as well as the theory of Palmer and Rice (1973).

Remark 7. The quasi-quadratic and quasi-linear degradation functions, which
are two particular cases of Eq. (3.29), may give rise to significant differences in
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the overall material response although both functions share the same Ht and
thus ensure insensitivity to L. To illustrate this aspect, in Fig. 3.3 we plot how
g(d) and g0(d) vary with d, for the quasi-quadratic (with p = 1) and quasi-linear
functions with the same m of 20. Figure 3.3(a) shows that the value of the quasi-
quadratic degradation function approaches zero more rapidly than the quasi-
linear one, showing g(d) ⇡ 0 already when d � 0.6. Figure 3.3(b) indicates that
g0(d), which is multiplied to H in the governing equation (3.24), evolve very
similarly from their common initial value of g0(0) = �m. Nevertheless, there
is a subtle difference in their final values, g0(1), which determines the overall
crack driving force term, �g0(d)H, in a fully-fractured region. To explain this
difference, we write the closed form of g0(d) as

g0(d) = �
m(1 � d)n�1 ⇥(n � 2)pd2 + d(n + 2p � 1) + 1

⇤

[(1 � d)n + md(1 + pd)]2
. (3.49)

One can see that, whereas g0(1) = 0 for the quasi-quadratic function in which
n = 2, g0(1) = �1/m = �(8LHt)/3GI I < 0 for the quasi-linear function in
which n = 1. This means that when the quasi-linear function is used, the overall
crack driving force term in the governing equation (3.24) does not vanish in a
fully-fractured region. However, it is usually very small as shown in Fig. 3.3(b),
because m � 1 typically. The effect of the choice of g(d) will be further discussed
in Section 3.4 based on numerical results.
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�.�

�.�
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�.�
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Quasi-linear (n=�, p = �)

(a)

� �.� �.� �.� �.� �−��

−��

−��

−�

�

d

g′ (d
)

Quasi-quadratic (n=�, p = �)
Quasi-linear (n=�, p = �)

(b)

Figure 3.3: Variations of (a) the values and (b) the derivatives of the quasi-quadratic and
quasi-linear degradation functions with the phase field. See Eq. (3.29) for the definition
of n and p. For illustration purposes, m = 20 is assigned in both plots.

Remark 8. As discussed in previous work (Geelen et al., 2019; J.-Y. Wu, 2017), the
quasi-linear degradation function has a zero ultimate displacement, giving rise
to snap-back behavior. For this reason, the quasi-linear function is appropriate
only for a particular class of problems in which crack propagates in a stable
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manner. This issue is absent in the quasi-quadratic degradation function which
has a finite ultimate displacement.

3.2.5 Determination of fracturing direction

The foregoing phase-field formulation has been developed provided that the
direction of fracturing is given. However, although the direction may be easily
determined in simple cases, it is not known a priori in general. In what follows,
we devise a method that can be used to determine the fracturing direction in the
proposed phase-field formulation.

The premise of our method is that fracturing takes place such that it maxi-
mizes energy dissipation. This premise has been used in eigenfracture/erosion
models (Pandolfi et al., 2013; Pandolfi & Ortiz, 2012; Schmidt et al., 2009) to de-
termine a crack path, and in the mixed-mode phase-field model of Bryant and
Sun (2018) for the same purpose. Notably, in the latter work, the fracturing di-
rection in each load step is found as the direction that gives the largest crack
driving force. Adopting this argument, we will also search for the direction that
maximizes the crack driving force for frictional shear fracture at hand.

Recall that the crack driving force in our model is given by Eq. (3.25), where
Ht has been derived as Eq. (3.44). Because tp = tm at the moment of initial frac-
ture, one can see that the crack driving force is proportional to tm � tr through-
out the fracturing process. We will therefore search for the plane where tm � tr

attains its maximum value. For this purpose, let us denote by q the inclination
angle of a plane to the direction of the major principal stress in compression.
Our task is then to find q that maximizes tm � tr, i.e.

q = arg max
q

[tm(q)� tr(q)]. (3.50)

Adopting the Coulomb criterion, we express tr as

tr = pN tan fr, (3.51)

where pN is the contact normal pressure acting on a surface, and fr is the resid-
ual friction angle. Note that the residual shear strength is considered cohesion-
less, as suggested by experimental evidence (Skempton, 1964). Without loss of
generality, pN > 0 is assumed in the following discussion.

We then seek to write tm and pN in terms of q. Let us denote by s1, s2, and
s3 the major, intermediate, and minor principal stresses in compression, respec-
tively. We then focus on the plane constructed by the directions of s1 and s3 in
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which slip takes places. In this plane, tm and pN can be written as

tm =
s1 � s3

2
sin 2q, pN =

s1 + s3

2
�

s1 � s3

2
cos 2q. (3.52)

Inserting the above expressions into Eq. (3.51) and tm � tr, we get

tm � tr = �
s1 + s3

2
tan fr +

s1 � s3

2
(sin 2q + cos 2q tan fr) . (3.53)

Recall that tm � tr during fracturing as well as that 0  fr  90� for physically
meaningful materials, one can see that tm � tr becomes greater with h(q) :=
sin 2q + cos 2q tan fr. Therefore, to find q maximizing h(q), we solve h0(q) =

2 cos 2q � 2 tan fr sin 2q = 0 and obtain

q = 45� �
fr

2
. (3.54)

Remarkably, this failure plane angle is the same as that obtained from Mohr–
Coulomb theory using the residual strength criterion. At this point, we also
adopt the Mohr–Coulomb criterion for the peak strength, which can be written
as

tp = c + pN tan f. (3.55)

Here, c is the cohesion strength of the material, and f is the peak friction angle.
The peak and residual friction angles are usually distinguished although they
are found to be similar in some materials; see Chang et al. (2006), Mitchell and
Soga (2005), Paterson and Wong (2005), and Skempton (1964) for experimental
data on soils and rocks.

Once q is determined, n and m of the (potential) failure plane may be ob-
tained according to Anderson’s fault theory (Anderson, 1951). First, because n

is orthogonal to the direction of s2, it can be calculated by rotating the unit vec-
tor in the direction of s1 along the direction of s2 by 90� � q clockwise. Using
Rodrigues’ formula for vector rotation, n is computed as

n = a1 sin q + (a2 ⇥ a1) cos q, (3.56)

where a1 and a2 denote the unit vectors in the directions of s1 and s2, respec-
tively. Next, because m is mutually orthogonal to n and a2, it is determined
as

m = a2 ⇥n. (3.57)

Then we can also calculate ↵ = (n⌦m+m⌦n).
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Remark 9. If desired, alternative expressions for the peak and/or residual shear
strengths can be employed within the proposed phase-field modeling frame-
work. For example, a nonlinear strength criterion (e.g. Atkinson, 2007 for over-
consolidated clays or Shen et al., 2018 for rocks) may be used for the peak
strength in lieu of Eq. (3.55). In this work, the Mohr–Coulomb strength crite-
rion are selected to minimize the number of material parameters and to compare
our numerical results with others in the literature produced by other numerical
methods using the same strength criterion.

3.3 Discretization and algorithms

This section presents discrete formulations and algorithms to apply the pro-
posed phase-field model to simulate shear fracture processes in geologic ma-
terials. To fully focus on the topic at hand—frictional shear cracks—we will ex-
clude the case of open cracks. Note that the open crack case can be augmented
straightforwardly by checking #N > 0 as discussed in the beginning of the pre-
vious section.

3.3.1 Problem statement

We begin by stating an initial–boundary-value problem based on the proposed
phase-field formulation. Before delving into the problem statement, we note
that the governing equations for intact and stick conditions, Eqs. (3.20) and (3.26)
respectively, can be unified because � = �m and fracturing does not occur under
both conditions. Therefore, in what follows, we consider two modes, namely the
non-slip mode (intact and stick) and the slip mode, and distinguish them using
the yield function, f := |t| � tY, by setting tY = tp for an intact material and
tY = tr for a damaged material.

The strong form of the problem can then be stated as follows. Given û, t̂,
u0, and d0, find u and d such that

r ·� + rg = 0 in W ⇥ T, (3.58)

�g0(d)H+ +
3GI I

8L
�
2L2r ·rd � 1

�
= 0 in W ⇥ T, (3.59)

where

� =

8
<

:
�m if f < 0,

�m � [1 � g(d)]tm↵+ [1 � g(d)]tr↵ if f = 0,
(3.60)
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and

H
+ =

8
<

:
max
t2[0,t]

H
+(t) if f < 0,

Ht +Hslip if f = 0,
(3.61)

subjected to the boundary conditions

u = û on ∂uW ⇥ T, (3.62)

� · � = t̂ on ∂tW ⇥ T, (3.63)

rd · � = 0 on ∂W ⇥ T, (3.64)

and the initial conditions

u|t=0 = u0 in W ⇥ T, (3.65)

d|t=0 = d0 in W ⇥ T. (3.66)

Here, û and t̂ are prescribed boundary conditions of displacement and traction
vectors, respectively, � is the outward unit normal vector at the domain bound-
ary, and W := W [ ∂W. It is also noted that H+ for intact and stick conditions
can be combined as Eq. (3.61) because the initial H+ for an intact material is Ht.

3.3.2 Finite element discretization

We use the standard Galerkin finite element method to discretize the two-field
governing equations at hand. To begin, we introduce trial solution spaces for u
and d as

Su := {u | u 2 H1, u = û on ∂uW}, (3.67)

Sd := {d | d 2 H1
}, (3.68)

where H1 denotes a Sobolev space of order one. Accordingly, we define weight-
ing function spaces for the two fields as

Vu := {⌘ | ⌘ 2 H1, ⌘ = 0 on ∂uW}, (3.69)

Vd := {j | j 2 H1
}. (3.70)

Through the weighted residual procedure, we obtain the following two varia-
tional equations:

�

Z

W
rs ⌘ : � dV +

Z

W
r⌘ · g dV +

Z

∂tW
⌘ · t̂dA = 0, (3.71)

Z

W
jg0(d)H+ dV +

Z

W

3GI I

8L
�
2L2rj ·rd + j

�
dV = 0. (3.72)
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We then discretize these variational equations using mixed Q1/Q1 finite ele-
ments. The procedure for this discretization is fairly standard, so it will be omit-
ted for brevity.

To solve the discrete versions of Eqs. (3.71) and (3.72), we use the sequential
update scheme proposed by Miehe, Hofacker, et al. (2010), which has been dom-
inant in phase-field modeling of fracture. Specifically, in the slip mode ( f = 0),
we solve Eq. (3.71) calculating � with a fixed d, and Eq. (3.72) evaluating Hslip

with a fixed u. Usually, this sequential scheme does not much compromise the
solution accuracy because the load increment should be very small during the
process of slip. It is also noted that Eq. (3.71) and (3.72) are decoupled in the
non-slip mode ( f < 0).

3.3.3 Material update algorithm

Unlike standard phase-field models of fracture, the proposed model requires
a non-trivial algorithm for updating variables at a material/quadrature point
(e.g. stress and crack driving force) because multiple responses are possible de-
pending on the contact condition (or lack thereof). Given that the yield function
f is used to distinguish between slip and non-slip modes, we design a material
update algorithm adopting a predictor–corrector format from a standard return
mapping procedure in plasticity.

The procedure designed to update material-level variables from time tn to
tn+1 is summarized in Algorithm 3. For notational simplicity, variables at tn+1

are denoted without an additional subscript, while those at tn is denoted as (·)n.
Notably, for the stress update under a slip condition, we evaluate tr with the
contact normal pressure at the previous time step, (pN)n. This semi-implicit up-
date greatly simplifies the expression for the stiffness tensor, without significant
compromise to the solution accuracy because the step size is maintained small
during a slip process. The increment of the slip-induced crack driving force,
Ḣslip = (tm � tr)ġ, is evaluated implicitly with tm and tr at tn+1.

3.4 Numerical examples

Three numerical examples are presented in this section to verify and investigate
the proposed phase-field model. The first two examples are designed to verify
the model, with an emphasis on the sensitivity to the phase-field length param-
eter, L. In the third example, the phase-field model is applied to simulate the
initiation and propagation of a slip surface in a field-scale slope failure problem.
By default, we use the quasi-quadratic degradation function, setting n = 2 and
p = 1 in Eq. (3.29). The reason is that the quasi-linear degradation function gives
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Algorithm 3 Material point update procedure for phase-field modeling of fric-
tional shear fracture
Input: ", d, n, and ↵ at tn+1.
Output: �, C, H+, and g(d) at tn+1.

1: Calculate �m = Cm : ", tm = (1/2)�m : ↵, and pN := ��m : (n⌦n).
2: Set tY = c + pN tan f if d = 0; tY = pN tan fr otherwise.
3: Evaluate f = |tm|� tY.
4: if f < 0 then
5: Update � = �m and C = Cm.
6: if d = 0 then
7: Intact condition.
8: Update H+ = Ht by substituting tp = c+ pN tan f and tr = pN tan fr

into Eq. (3.44).
9: Update g(d) by calculating m as Eq. (3.30) with the updated Ht.

10: else
11: Stick condition.
12: Set H+ = max

t2[0,tn]
H

+(t).

13: end if
14: else
15: Slip condition.
16: Update � = �m � [1 � g(d)][tm � (tr)n]↵, where tr,n := (pN)n tan fr.
17: Update C = Cm � [1 � g(d)]G(↵⌦↵)
18: Update H

+ = (H+)n + (tm � tr)Dg, where tr = pN tan f and
Dg := ("� "n) : ↵.

19: end if
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rise to snap-back behavior as well as a non-zero crack driving force in a fully-
damaged region, as discussed previously at the end of Section 3.2. So only the
quasi-quadratic degradation function is appropriate for the first two examples
which focus on verification of the proposed model. However, in the last exam-
ple, both the quasi-quadratic and quasi-linear degradation functions are used
to demonstrate how they lead to significantly different responses of the same
system.

The results of the numerical examples have been produced by our in-house
finite element code used in previous work (Borja & Choo, 2016; Choo & Borja,
2015; Choo et al., 2016; Q. Zhang et al., 2019). The code relies heavily on open
source scientific computing libraries including the deal.II finite element li-
brary (Alzetta et al., 2018), p4est mesh handling library (Burstedde et al., 2011),
and the Trilinos project (Heroux & Willenbring, 2012). In all numerical exam-
ples, plane strain conditions are assumed and quadrilateral elements are used.

3.4.1 Long shear apparatus

The purpose of our first example is to verify the proposed model numerically
with respect to its consistency with the theory of Palmer and Rice (1973). For
this purpose, we simulate growth of a slip surface in a long shear apparatus, for
which Palmer and Rice (1973) derived their formulation. Figure 3.4 depicts the
setup of the problem, which is the same as that illustrated in Fig. 3 of Palmer and
Rice (1973) except that specific dimensions are assigned to the domain herein.
The domain is 500-mm long and 100-mm tall, and it has a 10-mm notch in the
middle of the left boundary which serves as an initial slip surface. As in the
original problem, the top boundary is displaced horizontally, whereas the bot-
tom boundary is fixed. The two lateral boundaries are fixed vertically. Gravity is
ignored. Because Palmer and Rice (1973) considers 1D slip surface propagation,
we restrict the propagation direction to be horizontal.

500 mm

100 mm

!ux(t)

10 mm

x
y

Figure 3.4: Long shear apparatus: problem geometry and boundary conditions. The
horizontal line at the left boundary denotes the initial slip surface in the domain.

Considering that the original paper of Palmer and Rice (1973) is concerned
with overconsolidated clays, we assign material parameters similar to those of
overconsolidated clays in the literature (Mánica et al., 2018; Skempton, 1964).
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They are: the cohesion strength c = 40 KPa, the peak and residual friction angles
f = fr = 15�, the shear modulus G = 10 MPa, and Poisson’s ratio n = 0.3. We
set GI I = 30 J/m2 by estimating the shear fracture energy of a laboratory-scale
stiff clay studied in Mánica et al. (2018) using the procedure described in T.-f.
Wong (1982).

To examine the sensitivity of the model to the phase-field length parameter,
we consider three cases of L, namely, 2 mm, 4 mm, and 8 mm. By default,
the fracture path is discretized with uniform elements whose size h satisfies
L/h = 20. Using the case of L = 2 mm, we further check the mesh sensitiv-
ity of the model by two coarser discretization levels, namely, L/h = 5 and 10.
The initial slip surface is generated by assigning large crack driving forces at the
quadrature points nearby, as done by Borden et al. (2012). We also initialize ver-
tical compressive normal stress of 149 kPa at all quadrature points, which gives
tp = 80 kPa and tr = 40 kPa. The simulation is conducted applying a constant
displacement rate of 0.01 mm per load step to the top boundary.

Figure 3.5 presents the force–displacement curve when L = 2 mm and
L/h = 20. Firstly, it is found that the model not only well reproduces the charac-
teristic behavior of a quasi-brittle geomaterial—softening from the peak strength
to the residual strength—but also provides quantitatively accurate results in that
the residual load, 20 kN, equals the residual shear strength times the width of
the domain. The softening curve also resembles those of opening fracture prob-
lems simulated by Geelen et al. (2019) using the same type of g(d). Note that the
peak load is slightly less than 40 kN because the peak shear strength is not mobi-
lized simultaneously along the potential slip surface. This is exactly why the use
of the peak shear strength characterized from laboratory tests must underesti-
mate the strength of a field-scale geotechnical system, see Skempton (1964). Also
importantly, the fracture energy estimated from the force–displacement curve—
the shaded area in the figure—is very close to its theoretical value, showing dif-
ference less than 0.03% from the shear fracture energy times the fractured area
(14.7 J). All these observations affirm the consistency of the proposed phase-field
model with the theory of Palmer and Rice (1973).

Figure 3.6 plots the distributions of the phase field at the four instances
marked in Fig. 3.5. After the peak load (ûx = 0.9 mm), the process zone emerges
and propagates much like the conceptual illustration in Fig. 3.1. It then reaches
the right end and intensifies during the softening stage, as can be seen from the
phase-field distributions at ûx = 1.4 mm and ûx = 2.1 mm. Once the slip sur-
face has fully developed (ûx = 3.0 mm), the domain has been completely split
into two parts, of which the upper one slides over the lower one. In this final
stage, the shear stress mobilized along the slip surface is constant throughout
and equal to the residual shear strength.
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Figure 3.5: Long shear apparatus: the force–displacement curve with L = 2 mm and
L/h = 20. The shaded area is the energy dissipated by fracturing (cf. Fig. 3.1), which
is very close to the theoretical value. The open circles denote the points at which the
phase-field distributions are drawn in Fig. 3.6.

Using this fundamental problem, we investigate the sensitivity of the pro-
posed model to the phase-field length parameter (L) and the element size (h).
The force–displacement curves of the three cases of L with a fixed L/h, and the
three cases of L/h with a fixed L, are presented in Figs. 3.7(a) and 3.7(b), re-
spectively. These curves confirm that the model is virtually insensitive to both L
and h. It is noted that the mesh insensitivity is a common feature of phase-field
formulations as they are inherently nonlocal, while the length insensitivity is a
particular achievement of this work by deriving specific forms of g(d) and Ht.
Therefore, in the next example, we shall focus on the length insensitivity of the
phase-field model.

3.4.2 Biaxial compression

Our second example simulates biaxial compression tests on laboratory-scale
specimens under different confining pressures, until the specimens fail by fault-
ing. The main objective of this example is to probe the ability of the model to
capture the pressure dependence of the peak and residual strengths without
much sensitivity to the phase-field length parameter. As explained in Intro-
duction, attaining this ability is a major challenge addressed in this work be-
cause the existing phase-field models of cohesive fracture considered pressure-
independent, constant peak strengths only.

The setup of the problem is illustrated in Fig. 3.8. The domain is a 80-mm
wide and 170-mm tall rectangular specimen, of which the top boundary is ver-
tically compressed by a prescribed displacement. The top and bottom bound-
aries are supported by rollers throughout, except at the top middle which is
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 = 0.9 mm!ux

 = 1.4 mm!ux

 = 2.1 mm!ux

 = 3.0 mm!ux

d

Figure 3.6: Long shear apparatus: phase-field distributions at the four instances marked
in Fig. 3.5. The domain is scaled by the displacement field with a factor of 2.
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Figure 3.7: Long shear apparatus: force–displacement curves with different phase-field
length parameters (L) and element sizes (h). (a) L is varied fixing L/h = 20. (b) h is
varied fixing L = 2 mm.

attached to a pin for stability. The two lateral boundaries are subjected to con-
fining pressure (pc) which remains constant during the compression test. The
material properties are the same as those of the previous example, except in the
circular weak zone where GI I is reduced to 20 J/m2 to trigger a unique shear
fracture. The location of the weak zone is also drawn in Fig. 3.8. Gravity is ne-
glected again. To examine whether the proposed model well incorporates the
pressure dependence of the peak and residual strengths in a length-insensitive
manner, we consider three cases of pc, namely, 50 kPa, 100 kPa, and 200 kPa,
and repeat each case with two values of L, namely, 1 mm and 2 mm. The do-
main is discretized by a structured mesh in which elements along the potential
fracturing region are locally refined to satisfy L/h = 20. The compression rate
is controlled adaptively, such that it becomes as small as 0.001 mm per load step
during the softening process.

The force–displacement curves of all cases are presented in Fig. 3.9. These
curves evince that the phase-field model is not only able to simulate pressure-
dependent peak and residual strengths, but also nearly insensitive to L in every
confining pressure case. It is observed that compared with the previous exam-
ple, the length parameter has a slightly greater influence on the softening re-
sponse, although it does not affect the peak and residual strengths. Such mild
length sensitivity is natural and unavoidable for problems that deviate from the
1D homogeneous setting for which the specific forms of g(d) and Ht have been
derived. Note that similar levels of length sensitivity have also been observed
for the existing phase-field models of cohesive opening fracture (e.g. see Fig. 16
of Geelen et al., 2019). Nevertheless, from a practical point of view, the phase-
field model simulates pressure-dependent stress–strain–strength responses of
brittle geomaterials without length sensitivity, allowing L to be regarded as a
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Figure 3.8: Biaxial compression: problem geometry and boundary conditions. The circle
denotes the weak zone introduced as an imperfection triggering a unique shear fracture.

purely geometric parameter.

Further, to describe how the model simulates the shear fracturing process,
we show in Figs. 3.10–3.13 the evolutions of the phase field and the vertical
displacement field when pc = 100 kPa and L = 1 mm. The focus of the first
two figures (Figs. 3.10 and 3.11) is on the main softening stage, and that of
the next two figures (Figs. 3.12 and 3.13) is on the subsequent stage in which
the material asymptotically approaches its residual strength. Figure 3.10 shows
that during the main softening stage, a process zone develops along the di-
rection of 45� � fr/2 degrees from the vertical, and the weak zone becomes
fully fractured first. The vertical displacement field in Fig. 3.11 indicates that
the upper and lower parts of the specimen are increasingly disconnected dur-
ing this stage. Once the specimen is almost fully fractured as in Fig. 3.12, the
upper and lower blocks slide each other along the discontinuity as shown in
Fig. 3.13. Note that the sliding behavior is remarkably well simulated through-
out the problem, which proves that the current model is built correctly on the
stress-decomposition scheme for frictional contact (Fei & Choo, 2020a). Other
confining pressure cases show the essentially same behavior except that their
peak and residual strengths are different.

Lastly, as can be seen from the force–displacement curves (Fig. 3.9) as well
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Figure 3.9: Biaxial compression: force–displacement curves at different confining pres-
sures (pc). Each case of confining pressure is simulated with two different phase-field
length parameters (L).
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Figure 3.10: Biaxial compression: evolution of the phase field from ûy = �1.2 mm to
ûy = �2.5 mm. pc = 100 kPa and L = 1 mm. The domain is scaled by the displacement
field.
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Figure 3.11: Biaxial compression: evolution of the normalized vertical displacement
field from ûy = �1.2 mm to ûy = �2.5 mm. pc = 100 kPa and L = 1 mm. The domain
is scaled by the displacement field.
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Figure 3.12: Biaxial compression: evolution of the phase field from ûy = �3.0 mm to
ûy = �6.0 mm. pc = 100 kPa and L = 1 mm. The domain is scaled by the displacement
field.
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Figure 3.13: Biaxial compression: evolution of the normalized vertical displacement
field from ûy = �3.0 mm to ûy = �6.0 mm. pc = 100 kPa and L = 1 mm. The domain
is scaled by the displacement field.

as the phase-field evolution (Figs. 3.10 and 3.12), the softening process is abrupt
initially but prolonged until the stress reaches the residual stress. This soften-
ing behavior emanates particularly from the chosen form of g(d), namely the
quasi-quadratic degradation function, which decays rapidly during the initial
fracturing stage but slowly in the (cf. Fig. 3.3(a)). As such, the choice of g(d)
plays a critical role in the simulated material behavior, especially for larger-scale
problems where the stress mobilized along the (potential) failure surface may
vary more significantly. This aspect is further investigated and demonstrated in
the following example.

3.4.3 Slope failure

In our final example, we apply the phase-field model to the problem of slip
surface growth at the field scale. The purpose of this example is twofold: (i)
to validate the capability of the phase-field model for simulating the propa-
gation of a curved discontinuity passing through a domain with varied con-
fining pressures, and (ii) to investigate how the failure behavior is affected by
the degradation function, g(d). For this purpose, we adapt the slope failure
problem from Regueiro and Borja (2001), which was originally simulated by
Drucker–Prager plasticity combined with bifurcation analysis and the strong
discontinuity approach. In this problem, a slope underlies a 4-m wide rigid
foundation whose top middle point is pushed downward, see Fig. 3.14. The
geometry and boundary conditions give rise to a unique slip surface emerging
from the right end of the slope–foundation interface. The gravitational force is
applied herein, making the confining pressure—and thus the peak and residual
strengths—increasing with depth.
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Figure 3.14: Slope failure: problem geometry and boundary conditions.

To investigate the effect of the degradation function g(d) on the overall be-
havior, we simulate two cases, one with the quasi-quadratic g(d) with p = 1,
and the other with the quasi-linear g(d). All other material and numerical pa-
rameters are the same in both cases, which are set as follows. For material pa-
rameters shared with conventional elasto-plastic modeling, we adopt their val-
ues from Regueiro and Borja (2001): the cohesion strength c = 40 kPa, the peak
friction angle f = 16.7�, the residual friction angle fr = 10�, the plane-strain
Young’s modulus E = 10 MPa, Poisson’s ratio n = 0.4, and the mass density
r = 2.04 Mg/m3. These material parameters are similar to those of an over-
consolidated clay. However, the shear fracture energy GI I is not a parameter of
Drucker–Prager plasticity. Because GI I increases with the slip magnitude, we
scale its value in the previous laboratory-scale examples to this field-scale prob-
lem. Using an empirical relationship between the shear fracture energy and the
slip magnitude in Abercrombie and Rice (2005), we use GI I = 10 kJ/m2. For
simplicity, we assume that GI I is constant although it may increase with normal
stress within the same order of magnitude (Z. Liu & Rummel, 1990; T.-f. Wong,
1986). The phase-field length parameter is set to L = 0.2 m, which is sufficiently
lower than the upper bounds on L for both the quasi-quadratic and quasi-linear
g(d). We use a structured mesh, locally refining a region accommodating the
expected slip surface to satisfy L/h = 10. The numerical results have been con-
firmed to show little sensitivity to L and h, as long as their values are reasonable.
The simulation is conducted applying a constant displacement rate of 4 ⇥ 10�4

m to the top middle of the foundation until the displacement reaches 0.3 m.
Note that the subsequent process, which involves rapid sliding of a failed soil
mass, may not be well modeled by the current formulation which is restricted
to infinitesimal strain, quasi-static conditions.

Figure 3.15 compares the force–displacement curves obtained with the quasi-
quadratic and quasi-linear degradation functions. Also presented here is the

72



curve digitized from (Regueiro & Borja, 2001) whereby Drucker–Prager plastic-
ity is used in conjunction with the strong discontinuity approach. It is found
that, despite the same material parameters, the quasi-linear g(d) renders the
overall structural behavior significantly less brittle. This trend is consistent with
that the quasi-linear g(d) decays more slowly than the quasi-quadratic g(d)
(cf. Fig. 3.3(a)), as well as that the quasi-linear g(d) leads to a higher peak load for
opening fracture (see Fig. 18 of Geelen et al., 2019, for example). Interestingly,
the pre-peak behavior of the quasi-linear result is very similar to that of the
plasticity result, even though the two modeling approaches rely on completely
different criteria for the initiation and propagation of shear discontinuities. It is
also observed that the quasi-quadratic g(d) leads to a long asymptotic behavior,
as in the previous examples.

� �.� �.� �.��

�.�

�.�

�.�

�.�

�.�
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Displacement (m)

Fo
rc
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Figure 3.15: Slope failure: force–displacement curves produced with the quasi-
quadratic and quasi-linear degradation functions. The dashed line denotes the result
obtained by Regueiro and Borja (2001) using Drucker–Prager plasticity and the strong
discontinuity approach.

Figures 3.16 and 3.17 show how the phase field and the displacement mag-
nitude evolve during the failure process. These figures indicate that the non-
linear part of the pre-peak behavior corresponds to the stage in which the slip
process zone emerges from the slope–foundation interface and propagates to
the left boundary of the slope (ûy = �0.10 m in the figures). One can also see
that the process zone propagates faster when the quasi-quadratic g(d) is used,
which is consistent with the more brittle behavior of the quasi-quadratic g(d) in
Fig. 3.15. Once the slip process zone reaches the slope boundary, it gives rise
to post-peak softening behavior of the overall slope system, and develops fur-
ther into a fully-discontinuous slip surface. Notably, although the process zone
in the quasi-linear g(d) result propagates more slowly, it grows more rapidly
into a full slip surface, which can also be gleaned from the softening rate of the
force–displacement curves in Fig. 3.15. This tendency is also consistent with the

73



difference between the variations of the quasi-quadratic and quasi-linear g(d)
with d, depicted in Fig. 3.3(a). Also importantly, Fig. 3.17 demonstrates that
the phase-field model well simulates the sliding behavior of the failed soil mass
along the curved slip surface. This capability is a remarkable feature in that no
algorithm was necessary for such robust simulation of frictional sliding.

In Fig. 3.18, the slip surfaces obtained by the two degradation functions are
compared using the phase-field values at the displacement of 0.3 m. As a ref-
erence, the mesh in Regueiro and Borja (2001), in which bifurcated/enhanced
elements are shaded to denote the slip surface in their simulation, is laid over
the phase-field values. It is found that both slip surfaces compare remarkably
well with the bifurcation path of the Drucker–Prager plasticity model. This
agreement indicates that the fracture path of the phase-field model is gener-
ally consistent with bifurcation theory. It can also be seen that around the final
path (lower left part), the slip surface of the quasi-linear g(d) result is located
slightly below than that of the quasi-quadratic g(d). Given that the slip surface
has propagated more slowly with the quasi-linear g(d), this difference agrees
with the fact that the localized failure becomes more deep-seated as the propa-
gation becomes more delayed (Bedoui et al., 2009; Petley & Allison, 1997). This
consistency further validates the proposed phase-field model.

Three important conclusions can be drawn from this example. First, the
phase-field model can well simulate the initiation and propagation of a slip sur-
face at the field scale, without any algorithm for geometry tracking or frictional
contact, relying on the fracture mechanics theory of Palmer and Rice (1973). Sec-
ond, the softening behavior at the material level, which is characterized by g(d)
in the phase-field model, has marked impacts on the strength and brittleness of
an overall structural system, because it determines the stress mobilized along a
(potential) slip surface. Third, the fracture mechanics and plasticity/bifurcation
approaches can lead to significantly different results, even when the locations of
the slip surfaces are virtually identical and the pre-peak behaviors are quite sim-
ilar. Together with the second conclusion, the difference highlights the critical
role of the propagation dynamics and frictional sliding in geologic shear frac-
ture processes. Although the fracture mechanics approach arguably lends itself
to more physically-based analysis of the propagation and sliding processes, ex-
tensive research will be required to validate and comparatively evaluate the two
approaches for modeling the initiation and growth of shear discontinuities at the
field scale.
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Figure 3.16: Slope failure: evolution of the phase field. The domain is scaled by the
displacement field with a factor of 2.
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Figure 3.17: Slope failure: evolution of the displacement magnitude. The domain is
scaled by the displacement field with a factor of 2. Color bar in meter.
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Figure 3.18: Slope failure: comparison of the slip surfaces from the quasi-quadratic
and quasi-linear degradation functions. The results are superimposed on the mesh
in Regueiro and Borja (2001) where bifurcated/enhanced elements are shaded.

3.5 Closure

A new phase-field model has been developed for numerical simulation of geo-
logic shear fractures such as faults and slip surfaces. The new model has three
features that are critical to shear fractures in geologic materials but absent in
previous phase-field models of fracture. They are: (i) friction along crack sur-
faces and its impact on the fracture propagation mechanism, (ii) insensitivity to
the phase-field length parameter, and (iii) pressure dependence of the peak and
residual shear strengths. As demonstrated by numerical examples, the combina-
tion of these three features renders the proposed model a theoretically rigorous
and computationally efficient method to simulate shear fracture processes in ge-
ologic materials.

77





Chapter 4 Double-phase-field formulation for
mixed-mode fracture in rocks

This chapter is published in: Fei, F. and Choo, J. (2021). “Double-phase-field
formulation for mixed-mode fracture in rocks.” Computer Methods in Applied
Mechanics and Engineering, 376, 113655.

4.1 Introduction

Rocks and rock-like materials (e.g. concrete and stiff soils) commonly fail in a
quasi-brittle manner, characterized by progressive softening during the post-
peak stage. During the softening process, numerous microcracks develop, grow,
and coalesce to form localized macroscopic fractures. The region of pervasive
microcracking—commonly referred to as a fracture process zone—in these ma-
terials has a non-negligible size, violating the premise of linear elastic fracture
mechanics (LEFM). For this reason, a number of non-linear fracture mechan-
ics approaches have been developed and widely used for modeling the failure
process in quasi-brittle materials. Representative examples are cohesive zone
models (Barenblatt et al., 1962; Dugdale, 1960; Needleman, 1987; Park et al.,
2009) and damage-type models (Bažant & Oh, 1983, 1985; Peerlings et al., 1996;
Pijaudier-Cabot & Bažant, 1987).

Apart from its quasi-brittleness, the cracking behavior of rocks and rock-
like materials exhibits a few important characteristics. First, these materials
are fractured under compression, showing a rich variety of cracking patterns
that emanate from preexisting flaws. These rock cracking patterns often in-
volve complex combinations of tensile (mode I) and shear (mode II) fractures,
which have attracted a large number of experimental and numerical studies for
decades (Bobet & Einstein, 1998a, 1998b; Ingraffea & Heuze, 1980; H. Lee & Jeon,
2011; L. N. Y. Wong & Einstein, 2009a, 2009b, 2009c; Yin et al., 2014; X.-P. Zhang
& Wong, 2012; Zhou et al., 2018). Second, a sliding fracture under compres-
sive stress entails marked friction along the crack surface. This friction plays an
important role not only in the kinematics of fracture but also in the propagation
dynamics (Palmer & Rice, 1973; Puzrin & Germanovich, 2005). Last but not least,
the shear fracture energy of rock is usually much greater than the tensile fracture
energy of the same material (Shen & Stephansson, 1994; T.-f. Wong, 1982). All
these characteristics should be properly considered to accurately model crack-
ing processes in rock. Unfortunately, however, computational models that can
efficiently simulate a combination of cohesive and frictional fractures remain
scarce.
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As introduced in Chapter 1, phase-field modeling has gained increasing
popularity for rock fracture simulation over the past few years. The majority of
phase-field simulations of rock fracture have used models that are theoretically
equivalent to LEFM for brittle materials (Choo & Sun, 2018b; Ha et al., 2018; S.
Lee et al., 2016; Santillán et al., 2018). However, these brittle phase-field mod-
els are not fully appropriate for rocks and rock-like materials for the reasons
described above.

Meanwhile, a few studies have proposed phase-field models tailored to
rocks and similar geologic materials. The work of X. Zhang et al. (2017) may be
the first endeavor to modify a standard phase-field formulation for brittle frac-
ture to distinguish between the mode I and mode II fracture energies of rock-
like materials. The key idea of their modification is to adopt the F -criterion
proposed by Shen and Stephansson (1994), whereby the energy release rates
of mode I and mode II fractures are normalized by their corresponding frac-
ture energies. Bryant and Sun (2018) later used the same idea to develop a
phase-field formulation for mixed-mode fracture in anisotropic rocks. How-
ever, these models are limited to purely brittle, pressure-insensitive fracture,
neglecting softening behavior and friction effects. Alternatively, Choo and Sun
(2018a) proposed a coupled phase-field and plasticity modeling framework for
pressure-sensitive geomaterials. While this modeling framework can well sim-
ulate brittle, quasi-brittle, and ductile failures and their transitions, it does not
explicitly distinguish between tensile and shear fractures. Also importantly, the
phase-field formulations underpinning all these models—originate from brittle
fracture theory—inevitably suffer from a drawback that the material strength
is sensitive to the length parameter for phase-field regularization. For this rea-
son, previous studies usually calibrated the fracture energy in conjunction with
the length parameter such that their combination gives a prescribed peak stress.
However, this calibration is undesirable because the fracture energy is a material
property, whereas the length parameter emanates from geometric regularization
in phase-field modeling.

In recent years, a new class of phase-field models has emerged for cohe-
sive tensile fracture. Drawing on the gradient damage models of Lorentz and
coworkers (Lorentz & Godard, 2011; Lorentz et al., 2011), these phase-field mod-
els have incorporated one-dimensional softening behaviors through careful de-
sign of functions for geometric regularization and material degradation. No-
table examples are the phase-field cohesive zone models advanced by Wu and
coworkers (Feng & Wu, 2018; Mandal et al., 2019; V. P. Nguyen & Wu, 2018;
J.-Y. Wu, 2017; J.-Y. Wu & Nguyen, 2018), as well as the phase-field model for
dynamic cohesive fracture by Geelen et al. (2019). Apart from the explicit treat-
ment of softening behavior, these models commonly have the feature that the
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material behavior is virtually insensitive to the phase-field length parameter, al-
lowing one to use the fracture energy as a pure material parameter. These mod-
els are thus robust and effective for simulating tensile fracture in quasi-brittle
materials; however, they are not suited for shear fracture which is common in
rocks.

Very recently, the first phase-field model for frictional shear fracture has
been developed for geologic materials (Fei & Choo, 2020b). Built on the phase-
field method for frictional interfaces (Fei & Choo, 2020a), the new model has
been derived and verified to be insensitive to the length parameter like the
phase-field models for cohesive tensile fracture. Remarkably, the new phase-
field model explicitly incorporates the frictional energy into the crack propaga-
tion mechanism, in a way that is demonstrably consistent with the celebrated
theory of Palmer and Rice (1973) for frictional shear fracture. However, the
previous work restricted its attention to shear fracture, leaving its extension to
mixed-mode fracture as a future research topic.

Importantly, the phase-field formulations for cohesive tensile fracture and
frictional shear fracture—derived for length-insensitive modeling of quasi-brittle
behavior—cannot be combined using an existing approach to phase-field mod-
eling of mixed-mode fracture. The existing phase-field models for brittle mixed-
mode fracture in rocks (Bryant & Sun, 2018; X. Zhang et al., 2017) have com-
monly incorporated the difference in modes I and II fracture energies by replac-
ing the standard crack driving force with an weighted average of modes I and
II crack driving forces based on the F -criterion. Even though this approach has
been successful for phase-field modeling of brittle fracture, it is fundamentally
incompatible with that of quasi-brittle fracture. The reason is that this approach
unavoidably modifies the crack driving forces (and the degradation functions)
of quasi-brittle phase-field models, which should be preserved to model the pre-
scribed softening behavior without length sensitivity. Therefore, for phase-field
modeling of quasi-brittle mixed-mode fracture, one needs to develop a new ap-
proach that combines two length-insensitive phase-field models without alter-
ing their crack driving forces and degradation functions.

In this chapter, we propose a new phase-field formulation that employs
two different phase fields to individually describe cohesive tensile fracture and
frictional shear fracture for mixed-mode fracture in rocks and rock-like materi-
als. In the literature, multi-phase-field modeling has been used for fracture in
anisotropic materials and composites (Bleyer & Alessi, 2018; Dean et al., 2020;
Na & Sun, 2018; T.-T. Nguyen et al., 2017), and Bleyer and Alessi (2018) have
briefly suggested its application to mixed-mode fracture in brittle materials. To
our knowledge, however, no previous work has developed a multi-phase-field
formulation for mixed-mode fracture in brittle materials, not to mention for
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mixed cohesive tensile/frictional shear fracture in quasi-brittle materials. Crit-
ically, approaches in the existing multi-phase-models are inadequate for mod-
eling mixed-mode fracture in rocks. For example, the idea of overlapping mul-
tiple phase fields (Na & Sun, 2018; T.-T. Nguyen et al., 2017) cannot be applied
because different fracture modes should not coexist within the same material
point. Stress-based criteria used in other multi-phase-field models (Bleyer &
Alessi, 2018; Dean et al., 2020) cannot properly distinguish between tensile and
shear fractures.

To rigorously couple the two phase fields—one for mode I fractures and
the other for mode II—in rocks under compression, here we devise three ap-
proaches. First, we decompose the strain energy into the tensile, shear, and pure
compression parts, based on the direction of crack at the material point. This ap-
proach unifies the phase-field method for frictional contact (Fei & Choo, 2020a)
with the phase-field formulation for opening fracture proposed by Steinke and
Kaliske (2019). Second, we formulate the incremental potential energy of the
material point depending on its contact condition: open, slip, or stick. This ap-
proach extends the derivation procedure of the phase-field model for frictional
shear fracture (Fei & Choo, 2020b) to double-phase-field modeling of mixed-
mode fracture. Third, we determine the dominant fracture mode in each contact
condition based on the F -criterion for mixed-mode fracture (Shen & Stephans-
son, 1994). Importantly, this approach is different from the way in which the
F -criterion is used in the previous single-phase-field models for mixed-mode
fracture (Bryant & Sun, 2018; X. Zhang et al., 2017). While the previous models
have used the criterion to calculate an weighted average of modes I and II crack
driving forces, here we apply it to find the dominant fracture mode and direc-
tion based on the current contact condition. Consequently, unlike the previous
single-phase-field models, the double-phase-field model clearly distinguishes
between modes I and II fractures.

The chapter is organized as follows. In Section 4.2, we develop a double-
phase-field formulation for mixed-mode fracture in quasi-brittle materials, in
which one phase-field describes cohesive tensile fracture and the other phase-
field describes frictional shear fracture. This section describes the main contri-
butions of this work. Subsequently, Section 4.3 presents discrete formulations
and algorithms for numerical solution to the proposed model using the stan-
dard finite element method. The double-phase-field model is then validated in
Section 4.4, both qualitatively and quantitatively, with experimental results on
various mixed-mode fractures in rocks. We conclude the chapter in Section 4.5.
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4.2 Double-phase-field formulation for mixed-mode fracture

In this section, we develop a double-phase-field formulation for mixed-mode
fracture in rocks and rock-like materials. For this purpose, we apply the micro-
force approach in da Silva et al. (2013)—adopted by Geelen et al. (2019) and Fei
and Choo (2020b) for deriving cohesive and frictional phase-field fracture mod-
els, respectively—to double-phase-field modeling of mixed-mode fracture. Al-
though the original phase-field models are formulated based on variational prin-
ciples for brittle fracture (the seminal work of Francfort and Marigo, 1998 and its
extensions), microforce theory allows one to derive phase-field models for more
complex problems for which sound variational principles are unavailable, such
as cohesive/frictional fracture (see Choo and Sun, 2018a for a detailed discus-
sion). It is noted that for the particular case of brittle fracture, the microforce and
variational approaches lead to the same phase-field formulation. Without loss of
generality, we restrict our attention to an isotropic and linear elastic material, in-
finitesimal deformation, rate-independent fracture, and quasi-static conditions.

4.2.1 Double-phase-field approximation of tensile and shear fractures

To model the mixed-mode fracture, we consider that the domain as defined in
Section 1.2 may have two mutually exclusive sets of mode I and mode II frac-
tures, which are denoted by GI and GI I , respectively.

To approximate the discontinuous surfaces of GI and GI I , we introduce two
different phase fields: (i) dI for the mode I fractures in GI , and (ii) dII for the mode
II fractures in GI I . Figure 4.1 illustrates this double-phase-field approximation of
mixed-mode fracture. Each of the two phase fields is defined in between 0 and 1,
i.e. dI 2 [0, 1] and dII 2 [0, 1], such that 0 denotes an intact (undamaged) region
and 1 denotes a discontinuous (fully damaged) region for the corresponding
mode of fracture.

Original discrete problem Multi-phase-!eld approximation

dI
1.0

0.0

1.0
dII

∂tΩ

∂uΩ

ΓI

ΓII

Ω

∂tΩ

∂uΩ

Ω

dI(x , t)

dII(x , t)

Figure 4.1: Double-phase-field approximation of the discontinuous geometries of mode
I (in red) and mode II (in blue) fractures.
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The use of two phase fields results in two crack density functions: (i) GdI

for the mode I fractures, and (ii) GdII for the mode II fractures. For both crack
density functions, we adopt the general form proposed by J.-Y. Wu (2017) for
phase-field modeling of cohesive fracture. Specifically,

GdI (dI ,rdI) =
1

pL
⇥
(2dI � d2

I ) + L2(rdI)
2⇤ , (4.1)

GdII (dII ,rdII) =
1

pL
⇥
(2dII � d2

I I) + L2(rdII)
2⇤ . (4.2)

Here, L is the length parameter for phase-field approximation, which is assumed
to be the same for both mode I and mode II fractures.

4.2.2 Potential energy density

To derive equations that govern the evolutions of the two phase fields, we should
formulate the potential energy density of a material point. The potential energy
density, denoted by y, is decomposed into four terms following the same ap-
proach in the previous chapter (Fei & Choo, 2020b)

y = ye + yf + yd
� yb. (4.3)

Here, ye is the strain energy stored from elastic deformation, yf is the frictional
energy dissipated by sliding along a crack, yd is the fracture energy dissipated
by generation of a new crack surface, and yb is the external energy from body
force. Expressions for these four terms in the double-phase-field formulation are
described below.

Strain energy

For double-phase-field modeling of fracture, we need to derive a new form of
strain energy in which the two phase fields coexist. To begin, let us consider
quantities of an undamaged (dI = dII = 0) material, which are often referred
to as “effective” quantities in damage mechanics. The undamaged strain energy
can be written as

W(") =
1
2
" : Cm : ", (4.4)

where " is the infinitesimal strain tensor and Cm is the stress-strain tangent ten-
sor for the undamaged rock matrix. As the undamaged region is assumed to be
isotropic and linear elastic, Cm can be written specifically as

Cm = K1⌦ 1+ 2G
✓

I �
1
3
1⌦ 1

◆
, (4.5)

84



where K and G are the bulk modulus and the shear modulus, respectively, 1 is
the second-order identity tensor, and I is the fourth-order symmetric identity
tensor.

To model mixed-mode fracture, we additively decompose the undamaged
strain energy into three parts: (i) the tensile (mode I) part, W+

I , (ii) the shear
(mode II) part, W+

I I , and (iii) the pure compression (non-fracturing) part, W�("),
i.e.

W(") = W+
I (") + W+

I I (") + W�("). (4.6)

This decomposition of the undamaged strain energy gives rise to the following
three partial undamaged stress tensors in the rock matrix:

�+
m, I :=

∂W+
I (")

∂"
, �+

m, I I :=
∂W+

I I (")

∂"
, ��

m :=
∂W�(")

∂"
. (4.7)

By definition, the sum of the three partial undamaged stress tensors should be
equal to the total undamaged stress tensor, i.e.

�+
m, I + �+

m, I I + ��

m =
∂W(")

∂"
⌘ �m. (4.8)

To calculate the specific forms of the partial undamaged stress tensors, we
decompose the stress tensor with respect to the direction of the crack. The pur-
pose of this directional decomposition is to accommodate the phase-field model
for frictional shear fracture (Fei & Choo, 2020b), which uses the same decom-
position scheme. The directional decomposition scheme is also compatible with
opening fracture, as proposed by Steinke and Kaliske (2019) for brittle tensile
fracture.

When the directional decomposition is used, the partial undamaged stress
tensors are expressed differently depending on the contact condition of the crack:
open, stick, or slip. The contact condition can be identified following the phase-
field method for frictional cracks (Fei & Choo, 2020a). Following the definition
in previous chapters, we denote the unit normal vector of the crack by n, the
unit vector in the slip direction by m, and further introduce s to denote the unit
vector mutually orthogonal to n and m. The crack is open if

#nn := " : (n⌦n) > 0, (4.9)

which corresponds to the gap condition in contact mechanics. Equivalently, we
can use the contact normal component of the undamaged stress tensor as

snn := �m : (n⌦n) > 0. (4.10)
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If the above condition is unsatisfied, the crack is closed (in contact), and it may
be either in a stick or a slip condition. To distinguish between the stick and slip
conditions, we introduce a yield function of the following form:

f := |t|� tY  0, (4.11)

where

t :=
1
2
� : ↵, with ↵ := m⌦n+n⌦m, (4.12)

is the resolved shear stress in the crack, and tY := pN tan f is the yield strength,
which is a function of the contact normal pressure, pN := �� : (n⌦n), and the
friction angle, f. The yield function gives f < 0 in the stick condition and f = 0
in the slip condition.

Depending on the contact condition, �̄+
m, I and �+

m, I I are calculated as fol-
lows:

�+
m, I =

8
><

>:

snn(n⌦n) + (l/M)snn[(m⌦m) + (s⌦ s)] if open,
0 if stick,
0 if slip,

(4.13)

�+
m, I I =

8
><

>:

tm↵ if open,
0 if stick,
tm↵ if slip,

(4.14)

where M := K + (4/3)G is the 1D constrained modulus, l := K � (2/3)G is
Lame’s first parameter, and tm := (1/2)�m : ↵ is the undamaged resolved shear
stress. Also, regardless of the contact condition, �̄� is given by

��

m = �m � �+
m, I � �+

m, I I . (4.15)

Using these partial undamaged stress tensors, we write the (damaged) stress
tensor, �, as

�(", dI , dII) = gI(dI)�
+
m, I(") + gII(dII)�

+
m, I I(") + ��(m, "). (4.16)

Here, gI(dI) 2 [0, 1] and gII(dII) 2 [0, 1] are the degradation functions for mode
I and mode II fractures, respectively. Their specific expressions will be pre-
sented later in this section. Note that we have multiplied gI(dI) to �+

m, I only,
and gII(dII) to �+

m, I I only. Also importantly, the stress–strain relationship is in-
crementally nonlinear, because �+

m, I , �
+
m, I I and ��

m are dependent on the contact
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condition. Due to this incremental nonlinearity, we write the strain energy den-
sity as a rate form as

ẏe =
h

gI(dI)�
+
m, I + gII(dII)�

+
m, I I + ��

m

i
: "̇. (4.17)

Frictional energy

Although open cracks are frictionless, sliding cracks may involve significant fric-
tion. This friction plays an important role in shear fracture propagation, as for-
mally shown by Palmer and Rice (1973). Therefore, the frictional energy dis-
sipated along a sliding crack should also be incorporated into the phase-field
formulation.

The frictional energy density is also an incrementally nonlinear function
because frictional energy only dissipates during slip. So we write the frictional
energy density as a rate form

ẏf = [1 � gII(dII)]�friction : "̇, (4.18)

where �friction denotes the stress tensor at the crack associated with frictional
slip. Its specific expressions, which depend on the contact condition, are given
by Fei and Choo (2020a)

�friction =

8
><

>:

0 if open,
0 if stick,
tr↵ if slip.

(4.19)

Here, tr is the residual shear strength of the fracture, which equals tY during
slip. Inserting Eq. (4.19) into Eq. (4.18), we obtain the rate form of frictional
energy density as

ẏf =

8
><

>:

0 if open,
0 if stick,
[1 � gII(dII)] trġ if slip,

(4.20)

where g := " : ↵ denotes the shear strain at the crack.

Fracture energy

Since we consider two different modes of fracture, the fracture energy dissipa-
tion is additionally decomposed into two terms as

yd = yd
I + yd

I I , (4.21)
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where yd
I and yd

I I correspond to energy dissipation densities associated with
modes I and II fractures, respectively. Let GI and GI I denote the critical fracture
energies for mode I and II fractures. Then the two terms can be expressed as

yd
I = GIGdI =

GI

pL
⇥
(2dI � d2

I ) + L2(rdI)
2⇤ , (4.22)

yd
I I = GI IGdII =

GI I

pL
⇥
(2dII � d2

I I) + L2(rdII)
2⇤ . (4.23)

External energy

The external energy, which is due to gravitational force, can be written as

yb = rg · u, (4.24)

where r is the mass density, g is the gravitational acceleration vector, and u is
the displacement vector.

4.2.3 Governing equations

According to the microforce argument da Silva et al. (2013), the governing equa-
tions of the problem are obtained as follows:
(momentum balance)

r ·
✓

∂y(", dI ,rdI , dII ,rdII)
∂"

◆
�

∂y(", dI ,rdI , dII ,rdII)
∂u

= 0, (4.25)

(mode I microforce balance)

r ·
✓

∂y(", dI ,rdI , dII ,rdII)
∂rdI

◆
�

∂y(", dI ,rdI , dII ,rdII)
∂dI

= �pr,I , (4.26)

(mode II microforce balance)

r ·
✓

∂y(", dI ,rdI , dII ,rdII)
∂rdII

◆
�

∂y(", dI ,rdI , dII ,rdII)
∂dII

= �pr,I I . (4.27)

Here, pr,I and pr,I I are reactive microforces introduced to ensure the irreversibil-
ity of modes I and II fracture processes, respectively. Their specific expressions
will be presented later in this section, after other terms become derived.

Substituting the previously derived expressions for the potential energy
into Eqs. (4.25), (4.26), and (4.27), we get more specific forms of the governing
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equations as

r ·� + rg = 0, (4.28)

�g0I(dI)HI �
GI

pL
�
2L2r ·rdI � 2 + 2dI

�
= �pr,I , (4.29)

�g0I I(dII)HI I �
GI I

pL
�
2L2r ·rdII � 2 + 2dII

�
= �pr,I I . (4.30)

Here, HI and HI I are the (undamaged) crack driving forces for modes I and
II fractures, respectively, which are related to the derivatives of the potential
energy with respect to the two phase fields. Because the potential energy has
been formulated differently according to the contact condition, the crack driving
forces must be dependent on the current contact condition.

4.2.4 Modes I and II crack driving forces under different contact conditions

A unique challenge for double-phase-field modeling of mixed mode fracture is
to prevent overlapping of modes I and II within the same material point. This
requires careful determination of the modes I and II crack driving forces, HI and
HI I at every material point. To this end, here we adapt the F -criterion proposed
by Shen and Stephansson (1994) to the double-phase-field modeling of mixed-
mode fracture. Defining q as the angle between the crack normal direction and
the major principal direction in the slip plane, we rephrase the idea of the F -
criterion as:

q = arg max
q

[F (q)]|", with F (q) :=
HI(", q)

GI
+

HI I(", q)
GI I

. (4.31)

In other words, the mixed-mode fracture propagates such that the value of F is
maximized. It is noted that the strain tensor, ", in the argument may be replaced
by the undamaged stress tensor, �m, as " = C�1

m : �m.

Based on the foregoing derivations of the potential energy and the F -criterion,
we derive specific forms of the modes I and II crack driving forces in the follow-
ing four cases: (i) the intact (undamaged) condition, (ii) the open condition, (iii)
the stick condition, and (iv) the slip condition.

Intact condition

Let us first consider an intact material point in which neither mode I nor II frac-
ture has yet developed. To prevent fracturing in the elastic region, we set HI

and HI I as their threshold values defined as the crack driving forces at the peak
tensile and shear strengths, respectively. Let HI,t denote the threshold for HI . By
definition, HI,t corresponds to the undamaged tensile strain energy, W+

I , when
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s̄nn equals the tensile strength. Thus we get

HI,t := W+
I |snn=sp =

1
2
�̄+

I |snn=sp : " =
1

2M
s2

p , (4.32)

where sp denotes the tensile strength. The derivation of HI I,t is more complex
and long due to the existence of frictional energy dissipation in shear fracture.
Referring to Fei and Choo (2020b) for a detailed derivation of HI I,t, we adopt

HI I,t :=
1

2G
(tp � tr)

2, (4.33)

where tp is the peak shear strength. Because the threshold values are assigned
as the crack driving forces of an intact material point,

HI =
1

2M
s2

p

HI I =
1

2G
(tp � tr)2

9
>=

>;
if intact. (4.34)

In this work, we treat sp as a constant material property, but consider tp a func-
tion of the contact normal pressure. Specifically, we set tp = c0 + pN tan f, where
c0 and f denote the cohesion and the friction angle, respectively. For simplicity,
we assume that the peak and residual friction angles are the same and calcu-
late the residual shear strength as tr = pN tan f. This assumption can be easily
relaxed as in Fei and Choo (2020b).

Open condition

Next, we consider the case in which a crack develops under an open contact
condition. To determine the dominant fracturing mode in this case, we need
to evaluate the value of F given in Eq. (4.31), and hence HI and HI I therein.
To this end, we only have to consider the strain energy density, ye, because an
open crack is frictionless (yf = 0) and other energy terms (yd and yb) are un-
related to the crack driving forces. To compute ye during post-peak fracturing,
we integrate its rate form in Eq. (4.17) from the peak stresses, as

ye =
1
2
��

m : "+ gI(dI)


W+

I
��
tp,I

+
1
2

⇣
�+

m, I : "
⌘��t

tp,I

�

+ gII(dII)


W+

I I
��
tp,I I

+
1
2

⇣
�+

m, I I : "
⌘��t

tp,I I

�
. (4.35)

Here, tp,I and tp,I I denote the time instances when sp and tp are reached, respec-
tively, and

W+
I |tp,I =

1
2M

s2
p , W+

I I |tp,I I =
1

2G
t2

p , (4.36)
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are the strain energies relevant to modes I and II fracturing, respectively, at the
corresponding peak stresses. Plugging the above expressions and Eqs. (4.13),
(4.14), and (4.15) into Eq. (4.35), we obtain

ye =
1
2
�m : "� [1 � gI(dI)]

1
2M

s2
nn � [1 � gII(dII)]

1
2G

t2
m. (4.37)

By definition, HI and HI I must be the terms multiplied to [1 � gI(dI)] and [1 �

gII(dII)], respectively. Therefore,

HI =
1

2M
s2

nn, (4.38)

HI I =
1

2G
t2

m. (4.39)

Substituting Eqs. (4.38) and (4.39) into the F -criterion (4.31), we get

F (", q) =
s2

nn
2MGI

+
tm

2

2GGI I
. (4.40)

In terms of the principal strains and q, the above equation can be re-written as

F (", q) =

⇥
l
�
#1 sin2 q + #3 cos2 q

�
+ M

�
#1 cos2 q + #3 sin2 q

�⇤2

2MGI

+
2G (#1 � #3)

2 cos2 q sin2 q

GI I
, (4.41)

where #1 and #3 denote the major and minor principal strains. Then, to find q

that maximizes F , we take the partial derivative of F with respect to q as

∂F (", q)
∂q

=
2G (l + G)

MGI

�
#2

3 � #2
1
�

sin 2q

+ G(#1 � #3)
2 sin 4q

✓
1
GI I

�
G

MGI

◆
. (4.42)

This derivative becomes zero when q = 0. This means that under an open con-
dition, the crack should develop such that the crack normal direction is the same
as the major principal direction. When the crack direction is determined in this
way, HI I = 0 because no shear stress exists on the principal plane, i.e. tm = 0
when q = 0. Therefore,

HI =
1

2M
s2

nn

HI I = 0

9
=

; if open. (4.43)

In other words, a mode II crack does not grow (i.e. ˙dII = 0) under open condi-
tions. Note that in this case, snn should be equal to the major principal undam-
aged stress, sm, 1, because q = 0.
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Stick condition

We now shift our focus to a material point that has a closed crack under a stick
condition. In this case, �+

m, I = �+
m, I I = 0, thus ∂ye/∂dI = ∂ye/∂dII = 0. The

frictional energy is zero as well (i.e. yf). Therefore,

HI = 0

HI I = 0

9
=

; if stick . (4.44)

So neither mode I nor mode II crack grows (i.e. ḋI = 0 and ˙dII = 0) when
there is no relative motion between the two crack surfaces. This result is also
physically intuitive because a material with a perfectly sticky crack behaves like
an undamaged material.

Slip condition

Lastly, we consider the case when the material point has a closed crack under-
going slip. In this case, it can be easily shown that HI = 0, because ∂ye/∂dI =

0 and ∂yf/∂dI = 0 when the crack is sliding. Therefore, maximizing F in
Eq. (4.31) is equivalent to maximizing HI I in slip conditions. This means that
HI I can be derived in the exact same way as in the phase-field model for shear
fracture (Fei & Choo, 2020b). Below we briefly recap the derivation of HI I , refer-
ring to Fei and Choo (2020b) for details. We first evaluate the strain energy and
frictional energy densities by integrating their rate forms given in Eqs. (4.17)
and (4.20), and get

ye = ye
|tp +

Z t

tp

��

m : "̇dt +
Z t

tp

gI I(dII)�
+
m, I I dt, (4.45)

yf =
Z t

tp

[1 � gII(dII)]trġ dt, (4.46)

Taking the partial derivatives of ye and yf with respect to dII , we obtain HI I as

HI I = HI I,t +Hslip , with Hslip :=
Z g

gp

(tm � tr) dg . (4.47)

Here, Hslip denotes the crack driving force accumulated during the post-peak
slip process, and gp is the shear strain in the slip direction when t = tp. We
note that Hslip is expressed as an integral form because tr is a function of the
contact normal pressure. Now, we determine the crack propagation direction
by maximizing F , equivalently, HI I , in this case. As derived in Fei and Choo
(2020b), it eventually boils down to find q such that

q = arg max
q

[tm(q)� tr(q)]. (4.48)
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When tr = pN tan f, we get

q = 45� �
f

2
, (4.49)

see Fei and Choo (2020b) for details. Note that this value of q is necessary to
calculate tm and g in Hslip. To summarize,

HI = 0

HI I =
1

2G
(tp � tr)2 +

Z g

gp

(tm � tr) dg

9
>=

>;
if slip. (4.50)

As opposed to the previous case of open fracture, a mode I crack does not grow
(i.e. ḋI = 0) in the slip case. This result also agrees well with our physical intu-
ition.

Remark 10. The present double-phase-field model applies the F -criterion (Shen
& Stephansson, 1994) in a largely different way from how previous single-phase-
field models (Bryant & Sun, 2018; X. Zhang et al., 2017) have used it for mixed-
mode fracture. In X. Zhang et al. (2017), the F -criterion is used to calculate an
equivalent crack driving force as an weighted average of modes I and II crack
driving forces. With the same equivalent crack driving force, Bryant and Sun
(2018) have further used the F -criterion to determine the fracture direction by
solving an optimization problem at the material point level. However, instead
of calculating an equivalent crack driving force, here we apply the F -criterion to
determine the dominant fracture mode (phase field) and its evolution direction.
The upshot is that the double-phase-field model not only distinguishes between
modes I and II fractures naturally but also calculates the fracturing direction
based on the F -criterion without solving an optimization problem.

4.2.5 Crack irreversibility

Having derived the modes I and II crack driving forces under all contact con-
ditions, we can now specify expressions for the modes I and II reactive micro-
forces, pr,I and pr,I I , which prevent spurious crack healing. Assuming that both
modes I and II cracks do not heal at all, here we set the reactive microforces
following the method proposed by Miehe, Hofacker, et al. (2010) whereby the
crack driving force is replaced by the maximum crack driving force in loading
history. Despite being simple, this history-based method has been shown to
provide results fairly similar to those obtained by a more sophisticated and ro-
bust algorithm—see, e.g. its comparison with an augmented Lagrangian method
in Geelen et al. (2019). The simplicity and effectiveness of the history-based
method is more appreciable for double-phase-field modeling in which two phase
fields are subjected to irreversibility constraints.
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Applying the history-based method, we define the reactive forces for modes
I and modes II fracture as

pr,I =

8
><

>:

0 if ḋI > 0,

�g0I(dI) max
t2[0,t]

HI(t) + g0I(dI)HI if ḋI = 0,
(4.51)

pr,I I =

8
><

>:

0 if ˙dII > 0,

�g0I I(dII) max
t2[0,t]

HI I(t) if ˙dII = 0.
(4.52)

where t denotes the current time instance. Note that the last term in Eq. (4.51)
is added because HI can be positive under an open condition. Eq. (4.52) is the
same as that in the phase-field model for frictional shear fracture (Fei & Choo,
2020b).

4.2.6 Degradation functions for modes I and II fractures

To complete the formulation, we introduce specific forms to the degradation
functions for modes I and II fractures, gI(dI) and gII(dII), respectively. Par-
ticularly, we adopt gI(dI) from the phase-field model for cohesive tensile frac-
ture (J.-Y. Wu, 2017), given by

gI(dI) =
(1 � dI)

n

(1 � dI)
n + mIdI (1 � pdI)

, with mI :=
GI

pL
1

HI,t
, (4.53)

and gII(dII) from the phase-field model for frictional shear fracture (Fei & Choo,
2020b), given by

gII(dII) =
(1 � dII)

n

(1 � dII)
n + mIId (1 � pdII)

, with mII :=
GI I

pL
1

HI I,t
, (4.54)

where n and p are parameters controlling post-peak softening responses. In this
work, we use a standard choice of n = 2 and p = �0.5.

4.3 Discretization and algorithms

In this section, we describe how to numerically solve the proposed double-
phase-field formulation using a nonlinear finite element method.

4.3.1 Unified expressions for crack driving forces considering crack irreversibil-
ity

To simplify the succeeding formulations, let us first unify the expressions for the
crack driving forces and the reactive microforces under different contact condi-
tions. We begin this by merging the intact condition into either the open or the
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stick condition. When snn > 0, the intact condition can be combined with the
open condition, because HI = HI,t initially. Likewise, when snn  0, the in-
tact condition can be integrated with the stick condition, as HI I = HI I,t initially.
These intact and stick conditions can be distinguished from the slip condition
based on the value of f , by setting tY in f as follows: tY = tp for an intact ma-
terial, and tY = tr for a damaged material. This way allows us to identify all
possible conditions based on the values of snn and f .

Then, we define the combined crack driving and reactive forces for mode I
and II fractures, H+

I and H
+
I I , respectively, as

H
+
I =

8
>>>>>><

>>>>>>:

max

(
HI,t,

1
2M


max
t2[0,t]

snn(t)
�2
)

if snn > 0,

max
t2[0,t]

HI(t) if snn  0 and f < 0,

max
t2[0,t]

HI(t) if snn  0 and f = 0,

(4.55)

H
+
I I =

8
>>><

>>>:

max
t2[0,t]

HI I(t) if snn > 0,

max
t2[0,t]

HI I(t) if snn  0 and f < 0,

HI I,t +Hslip if snn  0 and f = 0.

(4.56)

Note that we update H
+
I only when snn > 0, and H

+
I I only when snn  0 and

f = 0.

4.3.2 Problem statement

Let us denote by û and t̂ the prescribed displacement and traction boundary
conditions, respectively, and by u0, dI0 and dII0 the initial displacement field and
the initial mode I and II phase fields, respectively. The time domain is denoted
by T := (0, tmax]. The strong form of the problem can then be stated as follows:
find u, dI and dII that satisfy

r ·� + rg = 0 in W ⇥ T, (4.57)

�g0I(dI)H
+
I +

GI

pL
�
2L2r ·rdI � 2 + 2dI

�
= 0 in W ⇥ T, (4.58)

�g0I I(dII)H
+
I I +

GI I

pL
�
2L2r ·rdII � 2 + 2dII

�
= 0 in W ⇥ T, (4.59)
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subject to boundary conditions

u = û on ∂uW ⇥ T, (4.60)

� · v = t̂ on ∂tW ⇥ T , (4.61)

rdI · v = 0 on ∂W ⇥ T, (4.62)

rdII · v = 0 on ∂W ⇥ T, (4.63)

with v denoting the outward unit normal vector at the boundary, and initial
conditions

u|t=0 = u0 in W, (4.64)

dI |t=0 = dI0 in W, (4.65)

dII |t=0 = dII0 in W, (4.66)

where W := W [ ∂W.

4.3.3 Finite element discretization

To begin finite element discretization, we define the trial function spaces for u,
dI and dII as

Su :=
n
u | u 2 H1, u = û on ∂uW

o
, (4.67)

SdI :=
n

dI | dI 2 H1
o

, (4.68)

SdII :=
n

dII | dII 2 H1
o

, (4.69)

where H1 denotes a Sobolev space of order one. Accordingly, the weighting
function spaces are defined as

Vu :=
n
⌘ | ⌘ 2 H1, ⌘ = 0 on ∂uW

o
, (4.70)

VdI :=
n

fI | fI 2 H1
o

, (4.71)

VdII :=
n

fI I | fI I 2 H1
o

. (4.72)
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Applying the standard weighted residual procedure, we obtain the following
variational equations:

Ru :=�

Z

W
rs ⌘ : � dV +

Z

W
r⌘ · g dV +

Z

∂tW
⌘ · t̂ dA = 0 , (4.73)

RdI :=
Z

W
fI g0I(dI)H

+
I dV

+
Z

W

GI

pL
�
2L2rfI ·rdI + 2fI � 2fIdI

�
dV = 0, (4.74)

RdII :=
Z

W
fI I g0I I(dII)H

+
I I dV

+
Z

W

GI I

pL
�
2L2rfI I ·rdII + 2fI I � 2fI IdI I

�
dV = 0. (4.75)

Here, we have defined the variational equations as residuals to solve them using
Newton’s method. The rest of the finite element procedure is straightforward;
so we omit it for brevity. The standard linear elements are used for all the field
variables.

4.3.4 Solution strategy

To solve the discrete versions of variational equations (4.73), (4.74), and (4.75),
we use a staggered scheme which has commonly been used since proposed
by Miehe, Hofacker, et al. (2010). Specifically, we first solve Eq. (4.73) for u

fixing dI and dII , then update the crack driving forces H
+
I and H

+
I I , and finally

solve Eqs. (4.74) and (4.75) for dI and dII fixing H
+
I and H

+
I I . Provided that

the load step size is small enough, this staggered scheme significantly improves
the robustness of numerical solution without much compromise in the solution
accuracy. Also, a single staggered iteration may be sufficient for practical pur-
poses, as will be demonstrated later through a numerical example. It is noted
that other multi-phase-field models (Bleyer & Alessi, 2018; Dean et al., 2020;
Na & Sun, 2018; T.-T. Nguyen et al., 2017) have also used staggered solution
schemes.

Because the formulation is incrementally nonlinear, we use Newton’s method
to solve each stage in a staggered iteration. To solve for u in the first stage, we
linearize Eq. (4.73) as (d denoting the linearization operator)

dRu =
Z

W
rs ⌘ : C : rs du dV, (4.76)
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and to solve for dI and dII in the second stage, we linearize Eqs. (4.74) and (4.75)
as

dRdI =
Z

W
fI g00I (dI)H

+
I ddI dV +

Z

W

GI

pL
�
2L2rfI ·rddI � 2fIddI

�
dV, (4.77)

dRdII =
Z

W
fI I g00I I(dII)H

+
I I ddII dV

+
Z

W

GI I

pL
�
2L2rfI I ·rddII � 2fI IddII

�
dV. (4.78)

It is noted that H+
I and H

+
I I are not linearized because they are fixed during the

phase-field solution stage.

Algorithm 4 presents a procedure to update internal variables at a mate-
rial/quadrature point during a Newton iteration. Here, known quantities at the
previous load step are denoted with subscript (·)n�1, whereas unknown quan-
tities requiring updates are written without an additional subscript for brevity.
The procedure essentially extends the predictor–corrector algorithm of the phase-
field model for shear fracture (Fei & Choo, 2020b) to accommodate the open
contact condition. Importantly, one can see that the present model treats all the
contact conditions without any algorithm for imposing contact constraints. This
feature is the main advantage of the double-phase-field model from the numer-
ical viewpoint.

Several aspects of the algorithm may deserve elaboration. First, the crack
driving forces, H+

I and H
+
I I , of an initially intact material point (dI0 = dII0 = 0)

should be initialized by their threshold values, HI,t and HI I,t, respectively, to
prevent fracturing in the elastic region. Second, because the potential fracture
direction is unknown a priori, we first evaluate q using the undamaged major
principal stress, sm, 1 (Line 2), considering that sm, 1 = snn under an open con-
dition. Third, the stress tensor under a slip condition is obtained by enforcing
f = 0 (Line 20), similar to the return mapping algorithm in plasticity. Fourth, in
Line 20, the residual strength, tr, is evaluated explicitly from the previous time
step, as in the frictional shear fracture model (Fei & Choo, 2020b). This semi-
implicit update greatly simplifies the stress–strain tangent, C, without much
compromise in accuracy. Lastly, unlike the original algorithm for shear frac-
ture (Fei & Choo, 2020b), gII(dII) is not updated when dII = 0 and f < 0. This is
because the friction angle for the peak and residual strengths are assumed to be
the same in this work. If the peak and residual friction angles are considered dif-
ferent, gII(dII) needs to be updated as explained in Fei and Choo (2020b). This
modification is straightforward.
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Algorithm 4 Material point update procedure for the double-phase-field model
for mixed-mode fracture
Input: ", dI and dII .
Output: �, C, H+

I and H
+
I I .

1: Calculate �m = Cm : " and sm, 1.
2: Set q = 0� if sm, 1 > 0; otherwise, set q = 45� � f/2.
3: Calculate n, m, and s from q.
4: Calculate ↵ from n and m.
5: Calculate sm, nn = �m : (n⌦n).
6: if sm, nn > 0 then
7: Open condition.
8: � = �m � [1 � gI(dI)] {snn(n⌦n) + (l/M)snn[(m⌦m) + (s⌦ s)]}.
9: C = Cm � [1 � gI(dI)] {(n⌦n) + (l/M) [(m⌦m) + (s⌦ s)]}

⌦ {M (n⌦n) + l[(m⌦m) + (s⌦ s)]}.
10: Update H

+
I = max

h
s2

nn/(2M),
�
H

+
I
�

n�1

i
.

11: Set H+
I I =

�
H

+
I I
�

n�1.
12: else
13: Calculate tm = (1/2)�m : ↵ and pN = �snn.
14: Set tY = c0 + pN tan f if dII = 0; otherwise, set tY = pN tan f.
15: Evaluate f = |tm|� tY.
16: if f < 0 then
17: Stick condition.
18: Update � = �m.
19: Update C = Cm.
20: Set H+

I I =
�
H

+
I I
�

n�1.
21: else
22: Slip condition.
23: � = �m � [1 � gII(dII)][tm � (tr)n�1]↵,

where (tr)n�1 := (pN)n�1 tan f.
24: Update C = Cm � [1 � gII(dII)]G(↵⌦↵).
25: H

+
I I =

�
H

+
I I
�

n�1 + (tm � tr)Dg, where tr = pN tan f

and Dg := ("� "n�1) : ↵.
26: end if
27: Set H+

I =
�
H

+
I
�

n�1.
28: end if

4.4 Numerical validation

In this section, we validate the proposed double-phase-field model with exper-
imental data on mixed-mode fracture in rocks. Before simulating mixed-mode
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fracture, we have verified that the double-phase-field model degenerates into
a cohesive tensile model and a frictional shear model under pure mode I and
mode II problems, respectively. These verification results are omitted for brevity.
Also, we do not repeat discussions pertaining to the numerical aspects of the
original phase-field models combined in this work (e.g. mesh and length sen-
sitivity); we refer to J.-Y. Wu (2017) and Fei and Choo (2020b) for discussions
on such topics. By doing so, we fully focus on new aspects that arise from the
double-phase-field formulation for mixed-mode fracture.

To validate the model, we simulate the uniaxial compression tests of N. Y.
Wong (2008), Bobet and Einstein (1998a) and L. N. Y. Wong and Einstein (2009a)
on gypsum specimens with preexisting flaw(s), whereby various mixed-mode
cracking patterns are characterized under different flaw configurations. Emu-
lating the experimental setup, we consider 76.2 mm wide and 152.4 mm tall
rectangular specimens with a single or double flaws. The flaw configuration of
each specimen will be described later.

Table 4.1 presents the material parameters used in the simulation. Among
these parameters, the elasticity parameters (K and G) and the tensile strength
(sp) are directly adopted from their values measured from the gypsum speci-
mens in Bobet and Einstein (1998a). The cohesion strength (c0) and the friction
angle (f) are unavailable from the original experiment, so they are assigned re-
ferring to other experiments on molded gypsum specimens (Wei et al., 2020).
The tensile and shear fracture energies (GI and GI I) are calibrated to match the
coalescence stresses measured in Bobet and Einstein (1998a). The calibrated val-
ues and the mode mixity ratio (GI I/GI) lie within the ranges of their typical
values for rocks (Shen & Stephansson, 1994).

Parameter Symbol Units Value Reference

Bulk modulus K GPa 2.84 Bobet and Einstein (1998a)
Shear modulus G GPa 2.59 Bobet and Einstein (1998a)
Tensile strength sp MPa 3.2 Bobet and Einstein (1998a)
Cohesion strength c0 MPa 10.7 Wei et al. (2020)
Friction angle f deg 28 Wei et al. (2020)
Mode I fracture energy GI J/m2 16 Calibrated
Mode II fracture energy GI I J/m2 205 Calibrated

Table 4.1: Cracking from preexisting flaws: material parameters.

For finite element simulation, we set the phase-field length parameter as
L = 0.2 mm and refine elements near the preexisting flaw(s) such that their size
h satisfies L/h � 5. Each specimen is then discretized by around 300,000 quadri-
lateral elements. (The specific number depends on the flaw configuration.) The
simulation begins by applying a constant displacement rate of 2 ⇥ 10�3 mm on
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the top boundary. The bottom boundary is supported by rollers except for the
left corner which is fixed by a pin for stability. The lateral boundaries are trac-
tion free. Gravity is ignored. The finite element solutions are obtained using a
parallel finite element code for geomechanics (Choo, 2018, 2019; Choo & Borja,
2015), which is built on the deal.II finite element library (Arndt et al., 2019;
Bangerth et al., 2007), p4est mesh handling library (Burstedde et al., 2011), and
the Trilinos project (Heroux & Willenbring, 2012).

4.4.1 Cracking from a single flaw

To begin, we simulate the cracking process in a single-flawed gypsum specimen,
following the experimental setup in N. Y. Wong (2008). Figure 4.2 illustrates the
geometry and boundary conditions of the problem. The flaw is 12.7 mm long,
1.27 mm wide, and inclined 45� from the horizontal.
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Figure 4.2: Cracking from a single flaw: problem geometry and boundary conditions.

Figure 4.3 presents simulation results in comparison with the cracking pat-
tern of a specimen studied in N. Y. Wong (2008). It can be seen that the double-
phase-field model well reproduces the real cracking process. When ûy = �0.40
mm, tensile wing cracks start to grow from the flaw tips, and later at ûy = �0.60
mm, tensile and shear damages appear. These tensile and shear damages soon
develop into full cracks at ûy = �0.66 mm. The final cracking pattern in our
numerical simulation is nearly the same as the experimental observation.

For quantitative validation, Fig. 4.4 compares the stress–strain curve from
numerical simulation with the experimental data of N. Y. Wong (2008) provided

101



��○
Tensile 

wing crack

Shear 
crack

Tensile 
crack

Experiment

dI
1.0

0.0

1.0
dII

Simulation

<latexit sha1_base64="m11Km7GwpUkAQdipx4x/fYLcpcs=">AAAB73icZY9NS8MwHMbT+TbnW9WjB4ND8KAllYknYejFizDBvcA6SpplW1jS1iYVR+nRz+BNvIpXPfhR/DamtYjbHgh5eJ7/n+TnhZxJhdC3UVpYXFpeKa9W1tY3NrfM7Z2WDOKI0CYJeBB1PCwpZz5tKqY47YQRxcLjtO2Nr7K+/UAjyQL/Tk1C2hN46LMBI1jpyDX3nRFWSZy6ySSFF/AEIquGoKPoo0qgEKlrVpGFcsF5YxemCgo1XPPL6QckFtRXhGMpuzYKVS/BkWKE07TixJKGmIzxkHa19bGgspfkICk81EkfDoJIH1/BPP2/kWAh5UR4elJgNZKzXRb+dVNPZREfHGdc+hLM1/TM1x+7yW0jCtKKZrVnyeZN69Syzyx0W6vWLwvqMtgDB+AI2OAc1ME1aIAmIOAJvIMP8GncG8/Gi/H6O1oyip1dMCXj7QcvNI6S</latexit>
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Figure 4.3: Cracking from a single flaw: simulation and experimental results. The ex-
perimental result is redrawn from N. Y. Wong (2008).

by the author. The stress and strain in the specimen are defined in a nomi-
nal manner following the experimental data. The simulation result matches
remarkably well with the experimental data, even though none of the mate-
rial parameters has been calibrated from this particular experiment. Thus, the
double-phase-field model has been fully validated, both qualitatively and quan-
titatively, with the experiment.
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Figure 4.4: Cracking from a single flaw: comparison of the stress–strain curve from
numerical simulation with the experimental data of N. Y. Wong (2008) provided by the
author.

To strengthen the validity of our numerical results, we repeat the same sim-
ulation with different numbers of staggered iterations and compare results in
Fig. 4.5. One can see that the simulation results are virtually insensitive to the
number of staggered iterations, in both qualitative and quantitative senses. It
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can thus be concluded that as long as the load step size is chosen to be reason-
ably small, a single iteration is sufficiently accurate.
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Figure 4.5: Cracking from a single flaw: comparison of simulation results obtained with
different numbers of staggered iterations. The phase fields are drawn at ûy = �0.66
mm.

Before proceeding to other validation examples, we also demonstrate why
the double-phase-field model is an essential extension of previous single-phase-
field models for quasi-brittle materials (Fei & Choo, 2020b; J.-Y. Wu, 2017) to
simulate mixed-mode fracture in rocks. Figure 4.6 compares simulation results
of the same problem obtained by the present double-phase-field model, the
single-phase-field model for cohesive tensile fracture (J.-Y. Wu, 2017), and the
the single-phase-field model for frictional shear fracture (Fei & Choo, 2020b).
Clearly, Fig. 4.3 presents that the single-phase-field models cannot reproduce the
experimentally-observed cracking pattern, even in a qualitative manner. Thus
the present model is a critical achievement for phase-field modeling of mixed-
mode fracture in quasi-brittle rocks and other similar materials.

dI
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1.0
dII

Mode I & Mode II Mode I only Mode II only

Figure 4.6: Cracking from a single flaw: comparison of simulation results obtained by
the double-phase-field model (Mode I & Mode II), the single-phase-field model for co-
hesive tensile fracture (J.-Y. Wu, 2017) (Mode I only), and the single-phase-field model
for frictional shear fracture (Fei & Choo, 2020b) (Mode II only).
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4.4.2 Cracking from double flaws

Next, we simulate a variety of mixed-mode fracture processes in double-flawed
specimens experimentally studied in Bobet and Einstein (1998a) and L. N. Y.
Wong and Einstein (2009a). Figure 4.7 depicts the general setup of specimens
prepared according to the original experiments. In all the specimens, the two
flaws have the same length and aperture, 12.7 mm and 0.1 mm, respectively,
with the continuity (c) of 12.7 mm. By contrast, their inclination angle (a) and
spacing (w) are varied by specimens to trigger different types of cracking pat-
terns under compression. In this work, we particularly consider two cases of the
inclination angle, a = 45� and a = 60�, which manifested mixed-mode cracking
patterns in the experiments. Within the case of a = 45�, we consider three sub-
cases of flaw spacings: w = 0, w = a, and w = 2a, where a denotes the half flaw
length, 6.35 mm. Within the case of a = 60�, we consider two sub-cases: w = 0
and w = a. As a result, we simulate a total of five cases.
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ûy

0.1
 m

m

2a
α

c

wligament length

Figure 4.7: Cracking from double flaws: problem geometry and boundary conditions.
The ligament length stands for the distance between the two flaws.

In what follows, we compare our simulation results with the qualitative
and quantitative data from Bobet and Einstein (1998a). For the cases of zero
spacing (w = 0), L. N. Y. Wong and Einstein (2009a) later clarified the natures of
cracks developed in gypsum specimens with the same flaw spacing. For these
cases, we will complement the qualitative experimental data by those provided
in L. N. Y. Wong and Einstein (2009a).

Figure 4.8 presents the simulation and experimental results when a = 45�

and w = 0 mm. Tensile wing cracks first develop from the flaw tips in a stable
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manner, and then shear damages grow in between the tips of the two flaws.
Eventually, the two flaws are coalesced by a mixed-mode crack, which consists
of two coplanar shear cracks bridged by a tensile crack. One can find that the
simulation and experimental results are remarkably consistent in terms of the
locations, shapes, and modes of the cracks.

Figure 4.8: Cracking from double flaws with a = 45� and w = 0 mm: simulation
and experimental results. The experimental result is redrawn from Bobet and Einstein
(1998a) and L. N. Y. Wong and Einstein (2009a).

Next, Fig. 4.9 shows and compares results from the simulation and the ex-
periment when the spacing of the two flaws is increased to the half crack width,
a = 6.35 mm. The overall cracking process is similar to that in the previous
case: tensile wing cracks followed by shear cracks and a secondary tensile crack
which coalesce the two preexisting flaws. Unlike the previous case, however,
the coalescence crack in this case exhibits a zig-zag pattern. This difference is
also fully consistent with the experimental observations.

In Fig. 4.10, we show the simulation and experimental results when the
spacing is further increased to the crack width, 2a = 12.7 mm. The growth
sequence of tensile wing cracks and shear cracks is the same as those in the
previous two cases. In the current case, however, the flaws are finally coalesced
when a shear crack generated from one flaw links an internal wing crack from
the other flaw. This type of crack coalescence, which was not observed when
w/c < 1, is also highlighted in the experimental study of Bobet and Einstein
(1998a). As can be seen, the proposed phase-field model can well capture this
pattern transition as observed from the experiments.

Figures 4.11 and 4.12 present how the simulation and experimental results
become different as the flaw inclination angle is increased to 60�, when w = 0
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Figure 4.9: Cracking from double flaws with a = 45� and w = a = 6.35 mm: simulation
and experimental results. The experimental result is redrawn from Bobet and Einstein
(1998a).

Figure 4.10: Cracking from double flaws with a = 45� and w = 2a = 12.7 mm: sim-
ulation and experimental results. The experimental result is redrawn from Bobet and
Einstein (1998a).

mm and w = a = 6.35 mm, respectively. The geometrical features of the sec-
ondary tensile cracks are changed, while the overall cracking patterns and se-
quences remain analogous to those of the cases of a = 45�. The simulated coales-
cence crack in the case of w = 0 mm (Fig. 4.11) is consistent with the experimen-
tal finding of L. N. Y. Wong and Einstein (2009a), in that it is a mixed-mode crack
consisting of two shear cracks developed from the inner flaw tips and a tensile
crack bridging the shear cracks. Also in the case of w = a = 6.35 mm (Fig. 4.12),
a zig-zag coalescence pattern has emerged in both our simulation and the exper-
iment of Bobet and Einstein (1998a). Therefore, the simulation results are fully
consistent with the experimental observations—from the geometry of cracks to
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the natures of tensile/shear cracks—under all of the flaw configurations.

Figure 4.11: Cracking from double flaws with a = 60� and w = 0 mm: simulation
and experimental results. The experimental result is redrawn from Bobet and Einstein
(1998a) and L. N. Y. Wong and Einstein (2009a).

Figure 4.12: Cracking from double flaws with a = 60� and w = a = 6.35 mm: sim-
ulation and experimental results. The experimental result is redrawn from Bobet and
Einstein (1998a).

Further, for quantitative validation, Fig. 4.13 compares the coalescence
stresses in the simulations and those measured in the experiments of Bobet and
Einstein (1998a). In all cases, the simulation results show excellent agreement
with the experimental data. Remarkably, the simulation results can well capture
the increasing/decreasing trends of the coalescence stresses as observed from
the experiments.

The numerical results in this section have demonstrated that the proposed
phase-field model can not only reproduce mixed-mode fracture in the individual
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Figure 4.13: Cracking from double flaws: comparison of coalescence stresses in numer-
ical simulation with the experimental data of Bobet and Einstein (1998a). (See Fig. 4.7
for the definition of the ligament length.)

cases but also capture the transition of cracking patterns according to change in
the flaw configurations. The proposed model has thus been fully validated.

Remark 11. Some of the above experimental results have also been reproduced
by the phase-field model for brittle mixed-mode fracture (X. Zhang et al., 2017).
In the brittle model, however, the phase-field length parameter should be re-
stricted to a specific value to match a prescribed tensile strength. Also, the shear
strength of the brittle model cannot be controlled. Conversely, in the present
quasi-brittle model, one can freely choose the length parameter because it does
not affect the tensile and shear strengths of the material. Apart from its physical
implications, this feature provides more flexibility to numerical modelers be-
cause the length parameter governs the discretization level in phase-field mod-
eling.

Remark 12. Besides validation, the above numerical results have demonstrated
that the double-phase-field model allows us to naturally distinguish between
tensile and shear cracks. This feature is invaluable to develop a better under-
standing of mixed-mode cracking processes in rocks. One main reason is that
accurate experimental characterization of rock cracking processes requires a so-
phisticated technique (e.g. high speed imaging in L. Wong and Einstein, 2009)
which is difficult, or even impossible, to be applied to rocks under in-situ stress
conditions. The capability of providing physical insight into mixed-mode frac-
ture without a sophisticated technique is a unique advantage of the double-
phase-field formulation.
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4.5 Closure

We have developed a double-phase-field formulation for mixed-mode fracture
in quasi-brittle rocks, employing two different phase fields to describe cohe-
sive tensile fracture and frictional shear fracture individually. The formulation
rigorously combines the two phase fields through three approaches: (i) crack-
direction-based decomposition of the strain energy into the tensile, shear, and
pure compression parts, (ii) contact-dependent calculation of the potential en-
ergy, and (iii) energy-based determination of the dominant fracturing mode in
each contact condition. In this way, we have successfully coupled two types
of phase-field models—one for cohesive tensile fracture and the other for fric-
tional shear fracture—to model mixed-mode fracture in quasi-brittle rocks. The
double-phase-field model has been validated to reproduce a variety of mixed-
mode fracturing processes in rocks, in both qualitative and quantitative senses.

Compared with the existing phase-field models for mixed-mode fracture in
rocks, the double phase-field model has two standout features. First, it explic-
itly takes tensile and shear strengths as material parameters independent of the
phase-field length parameter, unlike the existing models where the phase-field
length controls the strengths. This feature allows one to use experimentally-
measured strengths directly without any restriction on the length parameter.
Second, the double-phase-field model can simulate—and naturally distinguish
between—tensile and shear fractures without complex algorithms. This fea-
ture offers an exceptional opportunity to better understand rock cracking pro-
cesses that are challenging, or even impossible, to be characterized by experi-
ments alone. Examples include crack growth and coalescence in rocks under
true-triaxial stress conditions, which are much more difficult to be investigated
experimentally than those under uniaxial/biaxial stress conditions. We thus be-
lieve that the proposed model is an attractive option for both understanding and
predicting mixed-mode fracture in rocks.
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Chapter 5 Phase-field modeling of rock fractures with
roughness

This chapter is submitted for publication: Fei, F., Choo, J., Liu, C., and White,
J.A. (2021). “Phase-field modeling of rock fractures with roughness.”.

5.1 Introduction

Rock fractures are pervasive in natural and engineered subsurface systems. The
mechanical behavior of rock fractures not only controls the performance of many
geotechnical structures such as slopes and tunnels (N. R. Barton, 2000; Borja et
al., 2016; El Bedoui et al., 2009), but it plays an important role in the operation
of subsurface energy technologies such as hydraulic stimulation, nuclear waste
disposal, and geologic carbon storage (e.g. N. Barton, 2020; Fu, Ju, et al., 2021;
Fu, Schoenball, et al., 2021; Lepillier et al., 2020; J. A. White, 2014).

Traditionally, numerical models have treated rock fractures as discrete lower-
dimensional entities: lines in two-dimensional domains, and surfaces in three-
dimensional domains. While such discrete modeling of rock fractures has been
standard in geomechanical research and practice, it inevitably requires one to
explicitly represent the discontinuous geometry of fractures. Unfortunately, this
is a challenging endeavor whenever the geometry of discontinuities is nontriv-
ial, not to mention evolving.

As introduced earlier, phase-field modeling has emerged as a robust method
to handle complex fracture geometry without any explicit representation. Af-
ter being developed for general solids (Borden et al., 2012; Bourdin et al., 2008;
Miehe, Welschinger, et al., 2010), phase-field modeling has been adopted to sim-
ulate rock fracture in a variety of contexts, from hydraulic fracturing to cracking
from preexisting flaws (Bryant & Sun, 2018; Choo & Sun, 2018a; Fei & Choo,
2021; Ha et al., 2018; S. Lee et al., 2016; X. Zhang et al., 2017).

Nevertheless, the vast majority of phase-field simulations of rock fracture
have completely disregarded physical phenomena emanating from the rough-
ness of fracture. The surfaces of rock fractures are often rough due to asperities
at multiple scales, interlocking them under in-situ stress conditions. The degree
of roughness is so important to subsurface system behavior that it has moti-
vated the development and widespread use of the joint roughness coefficient
(JRC) (N. Barton, 1982; N. Barton et al., 1985; N. Barton & Choubey, 1977) and
similar measures in rock mechanics. See Fig. 5.1 for the samples and sketches
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of the typical roughness profiles of rock fractures for different levels of JRC. As-
perity interlocking and relative slip leads to important characteristics that may
be absent in fractures in other materials. First, rock fractures permit a finite
amount of elastic deformation under both normal and shear loading due to as-
perity compressibility. Second, surface roughness can give rise to a significant
amount of dilation when the fracture is sheared. This dilation in turn contributes
to the shear strength of the fracture, making the peak shear strength substan-
tially greater than the residual strength. It is also noted that the dilation and
friction in a rough fracture may depend strongly on the shearing rate and state
of the fracture. Third, the roughness of fracture can evolve by cyclic loading,
asperity damage, and other multiphysical phenomena, which affects all of the
aforementioned characteristics.

Figure 5.1: Samples (left) and sketches (right) of ten typical roughness profiles of rock
fractures for different levels of the joint roughness coefficient (JRC). Figures captured
from N. Barton (2013).

Only very recently, frictional effects have been incorporated into phase-field
modeling of fracture. Fei and Choo (2020a) were the first to develop a phase-
field formulation for cracks and interfaces with frictional contact, whereby the
responses of a diffusely-approximated discontinuity under different contact con-
ditions (open, stick, and slip) are modeled based on stress decomposition in
an interface-oriented coordinate system. Building on this work, the authors
then proposed phase-field formulations for frictional shear fracture (Fei & Choo,
2020b) and mixed-mode fracture in quasi-brittle materials (Fei & Choo, 2021), in
which the contribution of frictional energy to fracturing is considered in a man-
ner consistent with the fracture mechanics theory of Palmer and Rice (1973).
Meanwhile, Bryant and Sun (2021) have extended the work of Fei and Choo
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(2020a) to incorporate variable friction under non-isothermal conditions.

None of the existing phase-field models, however, can accommodate other
aspects of roughness effects. Among them, elastic deformability and shear-
induced dilation are deemed critical as they have significant impacts. For ex-
ample, shear-induced dilation in rough fractures can significantly increases the
fracture permeability (N. Barton et al., 1985; Olsson & Barton, 2001). Hydro-
shearing, which injects fluid to exploit this mechanism of permeability enhance-
ment, is receiving growing attention in shale gas production (Hakso & Zoback,
2019) as well as playing a central role in paving the way to enhanced geother-
mal systems (Gischig, Preisig, et al., 2015; Petty et al., 2013; Rinaldi & Rutqvist,
2019).

In discrete methods for discontinuities, the mechanical behavior of a rough
rock fracture is modeled by a constitutive law that relates the displacement
jump (relative displacement) across the fracture surfaces—the kinematic quan-
tity measured in a shear-box test—to the surface traction. A large number of
such constitutive models have been proposed to capture an array of roughness-
induced phenomena such as elasticity, variable friction, shear-induced dilation,
and asperity degradation, in a phenomenological and/or a physically-motivated
manner (N. Barton & Choubey, 1977; Gens et al., 1990; Heuze & Barbour, 1981;
Plesha, 1987; Saeb & Amadei, 1990; J. A. White, 2014).

However, these constitutive models of rough rock fractures—formulated
based on the displacement jump across discrete surfaces—are incompatible with
diffusely-approximated fractures in phase-field modeling. Overcoming this in-
compatibility requires one to transform a displacement-based constitutive model
into a strain-based model compatible with the phase-field approximation.

In this chapter, we introduce the first framework for phase-field modeling of
rough fractures. The framework transforms a displacement-jump-based discrete
constitutive model for discontinuities into a strain-based continuous model, and
then cast it into a phase-field formulation for frictional interfaces. Notably, no
additional parameter is introduced to the existing phase-field formulation.

The chapter is organized as follows. In Section 5.2, we adopt a general
phase-field formulation for fractured solids subject to compressive stress, in
which frictional contact is handled by the stress decomposition scheme pro-
posed by Fei and Choo (2020a). In Section 5.3, we formulate a strain-based kine-
matic description of rough rock fractures in the phase-field setting and then de-
velop a general methodology to transform a displacement-based discontinuity
model into a strain-based model. For the purpose of illustration, we construct a
particular version of the framework employing an existing displacement-based
model for rough rock joints (J. A. White, 2014). In Section 5.4, we describe how
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to solve the proposed formulation using a standard nonlinear finite element
method in conjunction with Newton’s method. In Section 5.5, we verify the
proposed phase-field formulation by comparing its results with those obtained
by a well-established discrete method (the extended finite element method), us-
ing various problems involving a single fracture, non-intersecting fractures, and
intersecting fractures. We conclude the chapter in Section 5.6.

5.2 Phase-field formulation

This section recapitulates a general phase-field formulation for fractured solids
possibly subject to compressive stress. We first describe a standard phase-field
approximation of discontinuities and associated governing equations. We then
explain the stress decomposition scheme proposed by Fei and Choo (2020a),
which is a well-verified way to incorporate frictional contact in the phase-field
setting. Without loss of generality, we assume infinitesimal deformation and
quasi-static conditions.

5.2.1 Phase-field approximation and governing equations

We consider the solid body as defined in Section 1.2. The body may contain a
set of discontinuities denoted by G, which may evolve in the time domain T .
Following the standard phase-field modeling approach as presented in Section
1.2, we diffusely approximate the sharp geometry of G by introducing a phase-
field variable, d 2 [0, 1].

We then discuss the selection of the local dissipation term a(d) in the crack
density function in Eq. (1.2). Among a few forms of a(d) proposed in the litera-
ture (Geelen et al., 2019; J.-Y. Wu, 2017), here we choose a(d) = d for its relative
simplicity. We note that other choices of a(d) would equally be valid for the
purpose of diffuse approximation of stationary cracks (see Fei and Choo (2020a)
where a(d) = d2 is used), but for simulating evolving fractures, they would lead
to different results. Substituting a(d) = d into Eq. (1.2) gives

Gd(d,rd) =
3
8


d
L
+ Lrd ·rd

�
. (5.1)

The phase-field formulation gives rise to two governing equations—the lin-
ear momentum balance equation and the phase-field evolution equation—of
which the primary variables are the displacement vector, u, and the phase field,
d. For brevity, we omit their derivations and refer to the relevant literature (Fei
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& Choo, 2020b; Geelen et al., 2019). The governing equations may be written as

r ·�(u, d) + rg = 0 in W ⇥ T , (5.2)

�g0(d)H+(u) +
3Gc

8L
�
1 � L2r ·rd

�
= 0 in W ⇥ T . (5.3)

In the momentum balance equation (5.2), � is the Cauchy stress tensor, r is the
mass density, and g is the gravitational acceleration vector. In the phase-field
evolution equation (5.3), Gc is the critical fracture energy, H+ is the crack driving
force, and g(d) is the degradation function. It is noted that the specific forms of
H

+ and g(d) should be chosen in accordance with the selected form of the crack
density functional, Gd(d,rd). For the particular form of Gd(d,rd) in Eq. (5.1),
g(d) is given by

g(d) =
(1 � d)2

(1 � d)2 + md(1 � d)
, with m =

3Gc

4L
1
Ht

. (5.4)

Here, Ht is defined as the threshold value of the crack driving force at the peak
material strength. The specific expressions for H+ and Ht depend also on how
the stress tensor is decomposed into its crack driving and non-driving parts. So
they will be discussed after presenting the stress decomposition scheme.

To complete the problem statement, we write the boundary conditions as

u = û on ∂uW ⇥ T , (5.5)

� · v = t̂ on ∂tW ⇥ T , (5.6)

rd · v = 0 on ∂W ⇥ T , (5.7)

where û and t̂ are the prescribed displacement and traction vectors on the bound-
ary, respectively, and v is the unit vector outward normal to the boundary. The
initial conditions are given by

u|t=0 = u0 in W, (5.8)

d|t=0 = d0 in W, (5.9)

where u0 and d0 are the initial displacement and phase-field solutions, respec-
tively.

Remark 13. When dealing with stationary fractures—a fairly common scenario
in rock mechanics applications—Eq. (5.3) needs to be solved only once for ob-
taining an initial phase field that suitably represents the preexisting fractures. It
is noted that such stationary fractures have also been well modeled by embed-
ded discontinuity methods (e.g. Belytschko et al., 2001; Cusini et al., 2021; Rivas
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et al., 2019). Compared with these methods, the phase-field method entails more
computation time as it requires a quite fine discretization around the disconti-
nuity. However, the phase-field method lends itself to a much easier implemen-
tation because it uses the standard basis (shape) functions whereas embedded
discontinuity methods commonly require enrichment of basis functions.

5.2.2 Stress decomposition incorporating frictional contact

Given that our interest is in fracture under compressive loads, we adopt the
stress decomposition scheme proposed by Fei and Choo (2020a) which is a ver-
ified way to incorporate frictional contact into phase-field-approximate discon-
tinuities. It calculates the stress tensor � as the weighted average of the stress
in the rock matrix (bulk region), �m, and the stress in the fracture (interface re-
gion), � f , with the weighting done according to the degradation function, g(d).
Specifically,

� = g(d)�m + [1 � g(d)]� f . (5.10)

The matrix stress tensor can be calculated using a standard continuum con-
stitutive relationship. Here we assume that the rock matrix is linear elastic, such
that the constitutive relationship is given by

�m = Ce
m : ", (5.11)

where " is the infinitesimal strain tensor, and Ce is the elastic stiffness tensor.
The linear elastic stiffness tensor can be expressed using the bulk modulus, Km,
and the shear modulus, Gm of the rock matrix as

Ce
m = Km1⌦ 1+ 2Gm

✓
I �

1
3
1⌦ 1

◆
, (5.12)

with I and 1 denoting the fourth-order symmetric identity tensor and the second-
order identity tensor, respectively.

The fracture stress tensor � f , which is nonzero whenever d > 0, is com-
puted depending on the contact condition at the material point. To determine
the contact condition, we recall the interface-oriented coordinate system as pre-
sented in Fig. 2.1. In this interface-oriented coordinate system, we introduce the
unit normal vector n and the unit tangent vector m of the discontinuity. Then,
the normal strain #N is calculated as

#N := " : (n⌦n). (5.13)

We can distinguish between open and closed contact conditions based on the
sign of #N: open if #N > 0, and closed otherwise. When the crack is open,
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� f = 0. On the other hand, when the crack is closed, � f should be calculated
such that it incorporates the contact behavior of the discontinuity.

Having decomposed the stress tensor as above, let us now determine the
specific expression for the crack driving force, H+. Considering that rocks are
quasi-brittle (rather than perfectly brittle) and cracks from rough discontinuities
are mostly tensile (Asadizadeh et al., 2019), here we adopt the crack driving force
for cohesive tensile fracture derived from a directionally decomposed stress ten-
sor (Fei & Choo, 2021). Employing the popular approach to crack irreversibility
that uses the maximum H

+ in history (Miehe, Hofacker, et al., 2010), the crack
driving force is given by

H
+ = max

(
Ht,

1
2M


max
t2[0,t]

s1,m(t)
�2
)

, with Ht =
1

2M
s2

p . (5.14)

Here, Mm := Km + (4/3)Gm is the constrained modulus of the matrix, s1,m is
the maximum (tensile) principal stress in the matrix, and sp is the peak ten-
sile strength. The detailed derivation of Eq. (5.14) can be found from Fei and
Choo (2021). Note that one may also arrive at the same expression for the crack
driving force by extending the crack driving force in Steinke and Kaliske (2019),
where the same type of directional stress decomposition is used for brittle tensile
fracture, to cohesive tensile fracture as done in Geelen et al. (2019).

In previous works where the above stress decomposition scheme is em-
ployed (Bryant & Sun, 2021; Fei & Choo, 2020a, 2020b, 2021), the contact be-
havior is modeled using the standard Coulomb friction law. However, as ex-
plained in the Introduction, the Coulomb friction law is insufficient to incorpo-
rate a complete array of important features that emanate from the rough nature
of rock fractures. In the following section, we develop a general constitutive
framework that allows one to cast a standard model for rough rock fractures—
originally formulated for discrete modeling of discontinuities—into � f in diffu-
sive phase-field modeling.

5.3 Constitutive framework for rough fractures in phase-field model-
ing

In this section, we develop a framework for transforming a displacement-based
constitutive model for discontinuities into a strain-based model. While the frame-
work is general, we construct a particular version of the framework for illustra-
tion purposes, employing a specific constitutive model for rough joints (J. A.
White, 2014). To avoid ambiguity, the discussion in this section pertains to an
interface material point where 0 < d  1.
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5.3.1 Kinematics of rough fracture

In discrete approaches to modeling discontinuities inside continuous materials,
the displacement field is often decomposed into its continous part, uc, and its
discontinuous part—the displacement jump—[[u]] := u+

�u�. Mathematically,
the decomposition can be written as

u = uc + HG(x)[[u]], (5.15)

where H(x) is the Heaviside function, defined as

HG(x) =

(
1 if x 2 W+,
0 if x 2 W�,

(5.16)

with W+ and W� denoting the subdomains that are separated by the disconti-
nuity G.

To model the mechanical behavior of discontinuities, a constitutive law
must be introduced relating the relative displacement [[u]] to the mobilized trac-
tion t on the surface. This constitutive law is often expressed in a generic rate
form as

ṫ = D · ˙[[u]] , (5.17)

where D is the instantaneous tangent stiffness of the fracture. It is convenient
to develop such models using the surface aligned coordinate system in Fig. 2.1.
We therefore decompose the relative displacement vector into its normal and
tangential components as

[[u]] = u fn+ v fm, (5.18)

where scalars u f and v f denote the magnitude of the normal closure and tan-
gential slip, respectively.

Our first task is to devise a way to model the kinematics of fracture mod-
eled by the phase-field method, which lacks an explicit representation of the dis-
placement jump [[u]]. To begin, we calculate the strain tensor as the symmetric
gradient of the decomposed displacement field (5.15)

" := rs u = "c + " f , (5.19)

where

"c := rs uc, (5.20)

" f := HG(x)rs[[u]] +
1
2
([[u]]⌦n+n⌦[[u]])dG(x), (5.21)

are the continuous and discontinuous parts of the strain tensor, respectively, and
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dG(x) is the Dirac delta function emanating from the gradient of the Heaviside
function, i.e. rHG(x) = ndG(x). Unfortunately, Eq. (5.21) is incompatible with
the phase-field setting, because the Heaviside and Dirac delta functions cannot
be defined when discontinuous geometry is approximated diffusely. To over-
come this issue, we approximate Eq. (5.21) in the following two ways. First, we
postulate that the displacement jump is constant along the discontinuity, such
that rs[[u]] = 0. The same postulate was also introduced in the assumed en-
hanced strain (AES) formulation of regueiro2001plane. Second, we replace the
Dirac delta function by the crack density functional, Gd(d,rd), which converges
to the Dirac delta function as L ! 0 (G-convergence). The same approximation
can be found from Verhoosel and de Borst (2013). As a result, " f simplifies to

" f ⇡
1
2
([[u]]⌦n+n⌦[[u]])Gd(d,rd). (5.22)

Hereafter, we shall use Eq. (5.22) to calculate " f in the phase-field setting. Fur-
ther, combining Eqs. (5.18) and (5.22), we can calculate the normal closure and
tangential slip as

u f :=
" f

Gd(d,rd)
: (n⌦n), (5.23)

v f :=
" f

Gd(d,rd)
: ↵, (5.24)

respectively, where
↵ := (n⌦m+m⌦n) (5.25)

is the slip direction tensor.

It is also postulated that "c and " f can be additively decomposed into elastic
and plastic (inelastic) parts as

"c = "e
c + "

p
c , (5.26)

" f = "e
f + "

p
f , (5.27)

where the superscripts (·)e and (·)p denote the elastic and plastic parts, respec-
tively. Equivalently, the total elastic and plastic strains are

"e = "e
c + "e

f , (5.28)

"p = "
p
c + "

p
f , (5.29)

Although many frictional contact models (e.g. the standard Coulomb friction
model) treat frictional slip as entirely inelastic, rough rock fracture can mani-
fest significant elastic deformation due to asperity compressibility and contact
effects. For this reason, elasticity is an integral part of modeling rock fracture
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with roughness.

Combining Eqs. (5.23), (5.24), and (5.27), we get the following approxi-
mations of the elastic and plastic components of normal and tangential relative
displacements:

ue
f :=

"e
f : (n⌦n)

Gd(d,rd)
, (5.30)

ve
f :=

"e
f : ↵

Gd(d,rd)
, (5.31)

up
f :=

"
p
f : (n⌦n)

Gd(d,rd)
, (5.32)

vp
f :=

"
p
f : ↵

Gd(d,rd)
. (5.33)

A constitutive model for rock discontinuities can then be introduced to re-
late the kinematic quantities in Eqs. (5.30)–(5.33) to their corresponding stress
components of � f . For this purpose, we also decompose � f into its normal and
tangential component as

sN := � f : (n⌦n), (5.34)

t :=
1
2
� f : ↵, (5.35)

where sN is the contact normal stress and t is the shear stress in the fracture.
Note that here sN (and thus the fracture displacement) is considered negative in
compression, being consistent with the sign convention in standard phase-field
modeling. In what follows, we formulate a constitutive framework for modeling
the compression and shear behavior of rock fractures, from the elastic regime to
the plastic regime.

Remark 14. An alternative way to bridge the strain tensor and the displacement
jump would be to introduce a characteristic length scale, like how some phase-
field models for fracture have calculated crack opening and slip displacements
(e.g. Bryant and Sun, 2021; Choo and Sun, 2018b; Mauthe and Miehe, 2017;
Miehe, Mauthe, et al., 2015). Yet the new approach proposed in this work—
Eqs. (5.19)–(5.22)—has the following two advantages: (i) it does not introduce
any new parameter to the existing phase-field formulation, and (ii) it draws on
the G-convergence properties of the crack density functional. These two features
allow the new phase-field formulation to be mesh-insensitive, like the standard
phase-field formulations.

120



5.3.2 Elastic deformation of rough fracture

We make use of a standard approach to rock joint elasticity that describes the
fracture normal and shear response separately. For the normal traction, we
adopt the hyperbolic function proposed by Bandis et al. (1983)—perhaps the
most popular approach in the rock mechanics community—given by

sN = k
ue

f

1 � ue
f /ue

max
, (5.36)

where k denotes the initial compressive stiffness, and ue
max the maximum closure

of the fracture. The tangential traction may be described as

t = µve
f , (5.37)

where µ denotes the shear modulus related to the frictional properties of the
fracture. It is noted that µ may or may not be dependent on sN according to the
modeling assumption.

We now reformulate Eqs. (5.36) and (5.37) for the phase-field formulation at
hand to construct a constitutive relationship between � f and "e

f . In the present
work, we consider the normal and tangential deformations of the fracture and
neglect rotations and relative stretching, as in the classic AES method for strong
discontinuities (Regueiro & Borja, 2001; J. C. Simo & Rifai, 1990). Let us con-
sider the normal deformation first. Substituting Eq. (5.30) into Eq. (5.36) and
rearranging the resulting equation gives

"e
f : (n⌦n) =

sNGd(d,rd)
(k + sN/ue

max)
. (5.38)

Inserting Eq. (5.34) into Eq. (5.38), we can rewrite the above equation as

"e
f : (n⌦n) =

1
Ef

� f : (n⌦n), (5.39)

where Ef is the Young’s modulus of fracture, defined as

Ef :=
1

Gd(d,rd)

✓
k +

sN

ue
max

◆
. (5.40)

Likewise, for the tangential deformation, we can use Eq. (5.31) to rewrite Eq. (5.37)
as

"e
f : ↵ =

1
2Gf

� f : ↵, (5.41)
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where Gf is the shear modulus of the fracture, defined as

Gf :=
µ

Gd(d,rd)
. (5.42)

To arrive at a constitutive relation between � f and "e
f , we multiply both sides

of Eq. (5.39) by n⌦n and get

"e
f : [(n⌦n)⌦(n⌦n)] =

1
Ef

� f : [(n⌦n)⌦(n⌦n)]. (5.43)

Similarly, we multiply both sides of Eq. (5.41) by (1/2)↵ and get

1
2
"e

f : (↵⌦↵) =
1

4Gf
� f : (↵⌦↵). (5.44)

Adding Eqs. (5.43) and (5.44), we obtain the constitutive relation between � f

and "e
f as follows:

"e
f = � f :


1

Ef
(n⌦n)⌦(n⌦n) +

1
4Gf

↵⌦↵

�
. (5.45)

The continuous part of the elastic strain, "e
c , is related to � f as

"e
c = (Ce

m)
�1 : � f . (5.46)

Since "e = "e
c + "e

f , Eqs. (5.45) and (5.46) can be combined as

"e = K : � f , (5.47)

where
K := (Ce

m)
�1 +

1
Ef

(n⌦n)⌦ (n⌦n) +
1

4Gf
(↵⌦↵) . (5.48)

Note that K is not constant and depends on the stress state. This equation then
allows us to derive the elastic tangent of the fracture stress tensor as

Ce
f =

∂� f

∂"e . (5.49)

Noting that Ef and Gf depend on � f via Eqs. (5.40) and (5.42), we take deriva-
tives of both sides of Eq. (5.47) with respect to "e and obtain

I = K :
∂� f

∂"e +
∂K

∂"e : � f (5.50)

= K : Ce
f +

✓
∂K

∂� f
: Ce

f

◆
: � f , (5.51)
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Rearranging Eq. (5.51) gives Ce
f as

Ce
f =


K +

✓
∂K

∂� f
: � f

◆��1
, (5.52)

where

∂K

∂� f
: � f =

✓
∂K

∂sN
⌦

∂sN

∂� f

◆
: � f

=�
1

Gd(d,rd)E2
f

sN

ue
max

(n⌦n)⌦ (n⌦n)

�
1

4Gd(d,rd)G2
f
sNµ0(sN)↵⌦↵, (5.53)

with µ0(sN) denoting the derivative of µ with respect to sN. Note that µ0(sN) =

0 if µ is considered stress-independent.

5.3.3 Inelastic deformation of rough fracture

For modeling the inelastic deformation of rough rock fractures, we adopt a
plasticity-like framework, which is standard for physically-motivated models
for rock joints (Son et al., 2004; J. A. White, 2014). The general form of the yield
function may be written as

F = t + sN tan(fb + w y)  0, (5.54)

where fb is the basic friction angle, y the dilation angle, and w is an abrasion
coefficient which accounts for the impact of asperity damage on mobilized shear
strength. Here we consider fb a constant, while viewing y and w as state vari-
ables. Next, we consider the potential function of the following general form Son
et al. (2004)

G = t +
Z

tan(y)dsN, (5.55)

which gives the non-associative flow rule as

"̇
p
f = l̇

∂G
∂� f

= l̇

✓
∂G
∂t

∂t

∂� f
+

∂G
∂sN

∂sN

∂� f

◆

= l̇


1
2
↵+ tan y(n⌦n)

�
, (5.56)

with l denoting the plastic multiplier. It is noted that the form of potential
function (5.55) accommodates a stress-dependent dilation angle, while keeping
the definition of the dilation angle as tan y = dup

f /dvp
f .

We now specialize the general framework to the constitutive model pro-
posed by J. A. White (2014) to match experimentally observed behavior of rough
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fractures. Under monotonic (non-cyclic) loading, the dilation is given by

tan y = tan yr

"
tanh

 
vp

f

b

!#
, (5.57)

where yr denotes a residual dilation angle, and b is a characteristic slip length. In
the seated position of the fracture (vp

f = 0) the initial dilation angle is zero. With
accumulating slip (vp

f > 0) asperities ride up over one another and the dilation
grows towards a residual dilation angle. The abrasion coefficient controls the
mobilized shear strength via Eq. (5.54), and is given by

w = 1 + (w0 � 1) exp(�cL), (5.58)

where w0 is an abrasion parameter controlling the peak shear strength, c is a
softening constant, and L denotes a history variable that quantifies the degra-
dation of roughness. When the abrasion is assumed isotropic in all directions, it
can be equated to the cumulative plastic slip, i.e.

L =
Z T

0
v̇p

f dt. (5.59)

It is noted that in the phase-field formulation, one can calculate v̇p
f by taking

time derivatives on both sides of Eq. (5.33). This model allows for an initial peak
in strength that then degrades as slip accumulates and asperities are worn away,
as often seen in rough fracture experiments. See J. A. White (2014) for further
details.

Remark 15. The specific roughness effects of rock fractures are quantified by the
parameters defined in the rough fracture model, e.g. residual dilation angle and
abrasion parameter in the fracture model by J. A. White (2014). The phase-
field formulation proposed here purely serves as accommodation for rough frac-
ture models, and it has no additional parameters to measure surface roughness.
Therefore, the variation of surface roughness (e.g. amplitude of surface rough-
ness) only affects our choice of material parameters in the rough fracture model,
and it has no effects on the phase-field regularization. This feature thus al-
lows this phase-field method to equally accommodate other similar physically-
motivated models in the literature (e.g. Plesha, 1987; Son et al., 2004).

5.4 Discretization and algorithms

This section describes how to numerically solve the proposed phase-field for-
mulation.
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5.4.1 Finite element discretization

The standard continuous-Galerkin finite element method can be used to solve
the two-field governing equations, Eqs. (5.2) and (5.3), in which the unknown
fields are the displacement vector field u and the phase field d. We introduce
spaces for the trial solutions as

Su := {u |u 2 H1, u = û on ∂uW}, (5.60)

Sd := {d | d 2 H1
}, (5.61)

where H1 denotes a Sobolev space of order one. Accordingly, spaces for the
weighting functions are defined as

Vu := {⌘ |⌘ 2 H1, ⌘ = 0 on ∂uW}, (5.62)

Vd := {f | f 2 H1
}. (5.63)

Through the standard weighted residual procedure, we arrive at the variational
form of the governing equations,

Ru := �

Z

W
rs ⌘ : � dV +

Z

W
⌘ · rg dV +

Z

∂tW
⌘ · t̂ dA = 0, (5.64)

Rd :=
Z

W
fg0(d)H+ dV +

Z

W

3Gc

8L
(2L2rf ·rd + f) dV = 0. (5.65)

The discretization of Eqs. (5.64) and (5.65) is standard and its details are skipped
for brevity. When modeling non-propagating rock fractures, Eq. (5.65) needs to
be solved only once for the initialization of the phase field. To simulate propa-
gating fractures, however, both Eqs. (5.64) and (5.65) should be solved in every
load step. In either case, Eq. (5.65) can be solved separately in the same manner
as existing phase-field models, because it is common to solve the two govern-
ing equations in a staggered manner (Miehe, Hofacker, et al., 2010) Therefore, in
what follows, we focus on the solution of Eq. (5.64).

Given that the constitutive relation is nonlinear, we use Newton’s method
to solve the problem at hand. At each Newton iteration, we solve the Jacobian
system given by

J uDU = �Rh
u, (5.66)

where J u denotes the Jacobian matrix, DU the nodal displacement increment,
and Rh

u the discretized version of Eq. (5.64). The specific expression of J u is

J u := �

Z

W
rs ⌘h : C : rs ⌘h dV, (5.67)

where ⌘h is the discretized version of ⌘, and C denotes the stress-strain tangent
operator. To evaluate Eq. (5.66) at each Newton iteration, one needs to update
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the stress tensor and the tangent operator at every material (quadrature) point.
An algorithm for updating these two quantities is designed below.

5.4.2 Material update algorithm

Algorithm 5 presents a detailed procedure to update the stress tensor and tan-
gent operator at every material point. Quantities at the previous time step tn

are denoted with subscript (·)n, whereas quantities at the current time step tn+1

are written without any subscript to avoid proliferation of subscripts. The algo-
rithm is essentially the same as the predictor–corrector algorithm in the phase-
field method for frictional interfaces (Fei & Choo, 2020a), except the following
three modifications. First, we have introduced a boolean flag open flag to keep
the material point in the open mode when its contact condition is identified to
be open in a Newton iteration. In every load step, the flag is initialized as false
at the beginning and switched to true if the contact condition becomes open
during a Newton iteration. We have experienced that the use of this flag makes
the Newton iteration more robust. Second, due to the nonlinearity of elastic
fracture deformation, we have designed a local Newton iteration to evaluate
the interface stress tensor � f and the interface elastic tangent operator Ce

f —see
Algorithm 6. Third, we evaluate the yield function in a semi-implicit manner,
using the normal stress in the previous step. This semi-implicit approach greatly
simplifies the calculation of the derivative of the yield function and thus the in-
elastic fracture tangent operator C f . Lastly, we have added a small tolerance ktol

(e.g. 10�3) to the weight of the bulk stress tensor in the calculation of the overall
stress tensor (cf. Eq. (5.10)), to avoid ill-posedness of the matrix system (Miehe,
Welschinger, et al., 2010). Although such a tolerance is often found to be un-
necessary in standard phase-field models, we have found that its use is critical
to numerical robustness of the phase-field formulation at hand, particularly for
intersecting cracks.

5.4.3 Return mapping and inelastic tangent operator

In Algorithm 5, when the trial stress violates the requirement F  0, we use a
return mapping algorithm to correct the trial stress and strains such that they
satisfy F = 0. The return mapping is performed in the full strain space and
described in the following.

The unknowns in the return mapping are the six independent components
of the strain tensor and the discrete plastic multiplier. Using Kelvin notation
for an elegant representation of tensor algebra (Nagel et al., 2016), we write the
unknown vector as

x =

"
("e)6⇥1

Dl

#

7⇥1

. (5.68)
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Algorithm 5 Material point update procedure for the phase-field model for
rough rock fractures

Input: D", d, n and m at tn+1.
1: Calculate " = "n + D", and �m = Ce

m : ".
2: if d = 0 then
3: Intact region. Return � = �m, and C = Ce

m.
4: end if
5: Calculate the normal strain at the interface region, #N = " : (n⌦n).
6: if #N > 0 or open flag then
7: Open state. open flag = true.
8: Return � = g(d)�m, and C = g(d)Ce

m.
9: end if

10: Closed state.
11: Calculate the trial elastic strain, "e,tr = "e,tr

n + D".
12: Update the trial stress and the elastic tangent operator in the fracture region

(�tr
f and Ce

f ) using Algorithm 6.
13: Calculate the yield function F = ttr + sN,n tan(fb + wnyn), where ttr :=

1/2�tr
f : ↵ and sN,n := � f ,n : (n⌦n).

14: if F < 0 then
15: Elastic fracture deformation. Update "e = "e,tr, "p = "

p
n, � f = �tr

f .
16: Calculate C f = Ce

f .
17: else
18: Inelastic fracture deformation.
19: Perform return mapping to update � f , C f , "e, y, and w.
20: end if
21: Update � = [g(d) + ktol]�m + [1 � g(d)]� f .
22: Calculate C = [g(d) + ktol]Ce

m + [1 � g(d)]C f .
Output: � and C at tn+1.
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Algorithm 6 Update procedure for the fracture stress and the fracture elastic
tangent operator
Input: "e, n and m.

1: Set the iteration counter k = 0.
2: Initialize the fracture stress tensor �k

f = � f ,n, and the elastic compliance
tensor Kk = Kn.

3: repeat
4: k = k + 1.
5: Let �k = �k�1

f , and Kk = Kk�1.
6: Calculate rk = Kk : �k

f � "e, and J k = Kk
� (∂K/∂� f )k : �k

f .
7: Calculate D�k

f by solving J k : D�k
f = �rk.

8: Update �k
f = �k�1

f + D�k
f .

9: Calculate sN = �k
f : (n⌦n).

10: Update Ef and Gf according to Eqs. (5.40) and (5.42).
11: Update Kk according to Eq. (5.48).
12: until krk

k < tol
13: Update � f = �k

f

14: Calculate Ce
f according to Eq. (5.52), with Kk.

Output: � f and Ce
f .

The equations to be satisfied can be written as residuals

r =

2

64

✓
"e

� "e,tr + Dl
∂G
∂� f

◆

6⇥1
F

3

75

7⇥1

! 0. (5.69)

It is again noted that we evaluate the value of F in the residual vector (5.69) in a
semi-implicit way, using sN,n := � f ,n : (n⌦n).

Then we use Newton’s method to find a numerical solution. At each New-
ton iteration, we solve

J · Dx = �r, (5.70)

for the search direction Dx. The Jacobian matrix is given by

J =

2

666664

✓
I + Dl

∂2G
∂� f ⌦ ∂� f

: Ce
f

◆

6⇥6

✓
∂G
∂� f

+ Dl
∂2G

∂� f ∂Dl

◆

6⇥1

✓
∂F

∂� f
: Ce

f

◆|

1⇥6
sN,n

∂ tan(fb + wy)
∂Dl

3

777775

7⇥7

. (5.71)

The derivatives required to complete the Jacobian matrix are provided in Ap-
pendix B. It is noted that the tensorial operations above have been written in
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Kelvin notation.

Once the return mapping is completed, we calculate the inelastic fracture
tangent operator defined as

C f =
∂� f

∂"e,tr . (5.72)

To evaluate this inelastic tangent operator, here we adopt the method used in Bryant
and Sun (2021). To begin, we consider the trial elastic strain as a variable and
re-linearize Eq. (5.69) following Eq. (7.127) in de Souza Neto et al. (2011). This
gives

2

664

✓
d"e + Dl

∂2G
∂� f ⌦ ∂� f

: Ce
f : d"e +

∂G
∂� f

dDl + Dl
∂2G

∂� f ∂Dl
dDl

◆

6⇥1
∂F

∂� f
: Ce

f : d"e + sN,n
∂ tan(fb + wy)

∂Dl
dDl

3

775

7⇥1

=

"
(d"e,tr)6⇥1

0

#

7⇥1

. (5.73)

We then insert d"e = (Ce
f )

�1 : d� f into the above equation and obtain


(Ce

f )
�1 + Dl

∂2G
∂� f ⌦ ∂� f

�
: d� f +

✓
∂G
∂� f

+ Dl
∂2G

∂� f ∂Dl

◆
dDl = d"e,tr, (5.74)

∂F
∂� f

: d� f + sN,n
∂ tan(fb + wy)

∂Dl
dDl = 0. (5.75)

Rearranging Eq. (5.74) gives (Cuitino & Ortiz, 1992; de Borst & Groen, 1994)

d� f = P :


d"e,tr
�

✓
∂G
∂� f

+ Dl
∂2G

∂� f ∂Dl

◆
dDl

�
, (5.76)

where

P =

✓
I + Ce

f Dl
∂2G

∂� f ⌦ ∂� f

◆�1

: Ce
f . (5.77)

Differentiating Eq. (5.76) with respect to the trial elastic strain gives the inelastic
interface tangent operator as

C f =
d� f

d"e,tr = P :


I �

✓
∂G
∂� f

+ Dl
∂2G

∂� f ∂Dl

◆
⌦

dDl

d"e,tr

�
. (5.78)
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The last term in the bracket, i.e. dDl/d"e,tr, can be calculated by substituting
Eq. (5.76) into Eq. (5.75). This operation gives

dDl

d"e,tr =

P :
∂F

∂� f✓
∂G
∂� f

+ Dl
∂2G

∂� f ∂Dl

◆
:
✓

P :
∂F

∂� f

◆
� sN,n

∂ tan(fb + wy)
∂Dl

. (5.79)

Inserting the above equation into Eq. (5.78) gives the final form of the inelastic
fracture tangent operator as follows:

C f = P �


P :

✓
∂G
∂� f

+ Dl
∂2G

∂� f ∂Dl

◆�
⌦

✓
P :

∂F
∂� f

◆

✓
∂G
∂� f

+ Dl
∂2G

∂� f ∂Dl

◆
:
✓

P :
∂F

∂� f

◆
� sN,n

∂ tan(fb + wy)
∂Dl

. (5.80)

Remark 16. The algorithm presented above can be used for both stationary and
evolving fractures, provided that the two governing equations are solved in a
staggered way. Note that such a staggered solution scheme has been commonly
employed in the vast majority of phase-field fracture simulations.

5.5 Verification

In this section, we verify the proposed phase-field formulation by comparing
its numerical results with those obtained by a well-established method for dis-
crete modeling of discontinuities, namely the extended finite element method
(XFEM) (Moës et al., 1999). The contact treatment of our XFEM employs the
algorithm proposed by F. Liu and Borja (2008). For a thorough verification, we
compare the results of the two methods in a variety of problems, from shearing
of a single discontinuity to compression of fractured rocks with a single crack,
two non-intersecting cracks, and two intersecting cracks. Following the verifi-
cation, we extend the last two examples (two non-intersecting cracks and two
intersecting cracks) to propagating fractures, to demonstrate the capabilities of
the phase-field formulation for simulating complex crack growth from rough
discontinuities.

We use the same set of material parameters for all the numerical examples.
The parameters of the fracture model are adopted from J. A. White (2014), which
was calibrated against the experimental data of Wibowo et al. (1994). See Table
5.1 for the parameters. Regarding the elasticity parameters of the bulk matrix,
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a bulk modulus of K = 16.67 GPa and a shear modulus of G = 12.5 GPa are
assigned.

Parameter Symbol Unit Value

Maximum joint closure ue
max mm -0.2

Initial compressive modulus k MPa/mm 11.0
Joint shear modulus µ MPa/mm 20.0
Basic friction angle fb degrees 27.4
Residual dilation angle yr degrees 6.1
Characteristic slip b mm 0.5
Abrasion coefficient w0 - 3.3
Softening coefficient c - 0.15

Table 5.1: Material parameters of the fracture model, calibrated against the experimen-
tal data of Wibowo et al. (1994). See J. A. White (2014) for details of the calibration
procedure.

All the problems in this section are prepared through several common pro-
tocols described in the following. We first discretize the domain using a regu-
larly structured mesh with monosized quadrilateral elements. To represent the
discontinuities, we initialize the phase field by solving Eq. (5.65) with prescribed
H

+, which is a standard approach in the community (Borden et al., 2012; Fei &
Choo, 2020a). We then locally refine the elements where d > 0 according to a
prescribed value of L/h. We neglect body forces, assume plane-strain condi-
tions, and use bilinear finite element interpolation. We evaluate the shear stress
and dilation of the cracks at quadrature points closest to the discontinuities. We
obtain the numerical results from our in-house finite element code Geocentric,
which is built on the open source finite element library deal.II (Arndt et al.,
2021) and has been used in a number of previous studies (Choo, 2018, 2019;
Choo et al., 2016; J. A. White et al., 2016).

5.5.1 Shearing of a single discontinuity

We begin by simulating shearing of a single discontinuity, which is the most
straightforward setting for studying the behavior of a rough rock fracture. We
adopt the configuration of a shear test performed by H. Lee et al. (2001), in which
an elastic block under a constant normal stress slides along a wider rigid block
fixed to the bottom boundary. The specific geometry and boundary conditions
are illustrated in Fig. 5.2. To investigate the sensitivity of the numerical results to
the phase-field length parameter, we prepare three different phase-field distribu-
tions initialized with L = 1.6 mm, 0.8 mm and 0.4 mm, as shown in Fig. 5.3. We
then apply a prescribed horizontal displacement on the boundary of the upper
block, except for the region where d > 0 (i.e. the diffusely approximated discon-
tinuity) for which a displacement boundary condition cannot be imposed (see
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Bryant and Sun, 2021 for a similar treatment). The rigid block is meshed but its
displacement degrees of freedom are fixed. The XFEM solution to this problem
is obtained by embedding the discontinuity into a rectangular domain, similar
to how other XFEM studies have modeled similar problems (e.g. Annavarapu
et al., 2014; Choo et al., 2021). The simulation proceeds with a uniform displace-
ment rate of 0.1 mm until the total horizontal displacement reaches 10 mm (100
steps in total).

120 mm

160 mm

55
 m

m

55
 m

m

x
y

rigid
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Figure 5.2: Shearing of a single discontinuity: geometry and boundary conditions.

L = 1.6 mm L = 0.8 mm L = 0.4 mm

d
1.0

0.5

0.0

Figure 5.3: Shearing of a single discontinuity: phase-field distributions initialized with
three different phase-field length parameters.

We first verify the phase-field formulation by comparing its results with
those obtained by the XFEM. To ensure that the phase-field result is accurate
enough, we assign a sufficiently small length parameter with quite fine dis-
cretization, namely L = 0.4 mm and L/h = 20. Figure 5.4 compares the results
of the phase-field method and XFEM in terms of the shear stress and dilation
in the discontinuity. One can see that the two methods provide nearly identical
results. The results show typical shear stress and dilation responses of a rough
fracture undergoing shearing.

Next, we examine the mesh sensitivity of the phase-field method by re-
peating the same problem with three different levels of refinement: L/h = 5,
L/h = 10, and L/h = 20. The results are presented in Fig. 5.5. We observe
very little sensitivity to the value of L/h, which indicates that a rather coarse
refinement level of L/h = 5 would be good enough for practical purposes. The
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Figure 5.4: Shearing of a single discontinuity: comparison between phase-field and
XFEM results.

results also confirm that the proposed approximation of the discontinuous strain
(cf. Eqs. (5.21) and (5.22)), which relies on the G-convergence of the crack density
functional, provides mesh-insensitive solutions.
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Figure 5.5: Shearing of a single discontinuity: mesh sensitivity study. L = 0.4 mm in all
cases.

Lastly, in Fig. 5.6 we investigate the sensitivity of the method to the phase-
field length parameter. Here, the problem is repeated with three different length
parameters, L = 1.6 mm, L = 0.8 mm and L = 0.4 mm (illustrated in Fig. 5.3),
with a fixed refinement level of L/h = 20. It can be seen that the shear stress
results converge as L decreases and that the dilation results are almost the same
even when L is fairly large at 1.6 mm.

5.5.2 Biaxial compression on a rock with a single crack

Our second example simulates biaxial compression on a rock containing a sin-
gle crack. Figure 5.7 illustrates the problem geometry and boundary conditions.
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Figure 5.6: Shearing of a single discontinuity: length sensitivity study. L/h = 20 in all
cases.

The domain is a 100-mm wide square, and the internal crack is inclined 60 de-
grees from the horizontal. As for the boundary conditions, the domain is sup-
ported by rollers on its bottom boundary, except at the center where the dis-
placements are constrained by a pin for stability. To provide the crack with an
initial shear strength, we apply a constant confining pressure of 5 MPa on the
two lateral sides of the domain. By default, we use the phase-field method with
L = 0.2 mm and a locally refined mesh satisfying L/h = 10 where d > 0. We
compress the top boundary with a prescribed uniform rate of 0.01 mm until the
total compression reaches 0.1 mm after 10 steps.
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Figure 5.7: Biaxial compression on a rock with a single crack: geometry and boundary
conditions.

Figure 5.8 compares the results obtained by the phase-field method and
XFEM in terms of the x- and y-displacement fields. The phase-field and XFEM
results appear almost indistinguishable, which verifies the proposed phase-field
formulation for an embedded crack problem. For a more quantitative verifica-
tion, in Fig. 5.9 we further compare the two results in terms of the total slip and
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dilation along the crack and confirm that they match very well. Given that the
crack in this problem is not aligned with the mesh structure, these results indi-
cate that the phase-field solution is also insensitive to the mesh alignment and
thus it can be used with general unstructured meshes.

Phase-!eld XFEM
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<latexit sha1_base64="GyDO8FqMjJUY8n/mWgKJjxOslGk=">AAACGnicZZBNS8MwGMfT+Tbn29Sjl2IRPMhodWPsNvDiRZjgXmArI82ebXFJWppMHaXfwavip/EmXr34aTTryrD6h5Bf/s8T8s/jBYxKZdtfRm5ldW19I79Z2Nre2d0r7h+0pD8NCTSJz/yw42EJjApoKqoYdIIQMPcYtL3J5bzevodQUl/cqlkALscjQYeUYKWtll2yKxd2v2hpSGT+BycFC6Vq9IvfvYFPphyEIgxL2XXsQLkRDhUlDOJCbyohwGSCR9DVKDAH6UZJ2tg80c7AHPqhXkKZifv7RoS5lDPu6U6O1Vj+rc3NZS3z1NxiwzMFj0pvnAr9RSp0sOsEG6GfiRZ5PHsOxjNJidSmgAfic47FIOopEFLn7jpu1PN4ZDlxXEgmVktkLqBaTqHmLCfWOi85lZJ9U7bq9XR2eXSEjtEpclAV1dEVaqAmIugOPaFn9GK8Gm/Gu/GxaM0Z6Z1DlJHx+QPvJqHA</latexit>�.����

<latexit sha1_base64="L51PRmFt9iK5ABSb+6a8QOSL5aU=">AAACGnicZZDLSgMxFIYz9VbrrerSzeAguJAyKS2lu4IbN0IFe4F2KJk0bWNzGSapWoZ5B7eKT+NO3LrxaTSdDsXRH0K+/OeE/Dl+wKjSrvtl5dbWNza38tuFnd29/YPi4VFbyVmISQtLJsOujxRhVJCWppqRbhASxH1GOv70clHv3JNQUSlu9TwgHkdjQUcUI22stltyy7A6KDoGEtn/AabggFTNQfG7P5R4xonQmCGletANtBehUFPMSFzozxQJEJ6iMekZFIgT5UVJ2tg+M87QHsnQLKHtxP19I0JcqTn3TSdHeqL+1hbmqpZ5amGx0YUmj9psnArzRSpMsOsEm6HMRIt8nj0Hk7miWBlTkAcsOUdiGPU1Ecrk7kEv6vs8cmAcF5KJ1RPZS6hVUqjD1cTa5RKsltybitNopLPLgxNwCs4BBDXQAFegCVoAgzvwBJ7Bi/VqvVnv1seyNWeld45BRtbnD+8eocA=</latexit>�.����

<latexit sha1_base64="IGS2VkQ1WdAEwz7WDI9dIoQfyXo=">AAACKHicZVBdS8MwFE3n15xfdT76UizCBBmtTMbeBvrgizDBfcA6SpplW1iTlibVjdC/4qvir/FN9uof0bQrw+mBkJNz7yXnHi/0CReWtdAKG5tb2zvF3dLe/sHhkX5c7vAgjhBuo8APop4HOfYJw21BhI97YYQh9Xzc9aY3ab37hCNOAvYo5iEeUDhmZEQQFEpy9XLsynliOALPhDQqlF4krm5aVSuD8Z/YOTFBjparfzvDAMUUM4F8yHnftkIxkDASBPk4KTkxxyFEUzjGfUUZpJgPZOY9Mc6VMjRGQaQOE0am/p6QkHI+p57qpFBM+N9aKq5qa1+lkj+6TDdTFyVMLUyYMnaf0VYUrFmTHl1/h5M5J4grkeFnFFAK2VCqoBhXvvv2QDoelaadJKUssUYGY0nqtZw07FVinauqfV21Hmpm8zbPrghOwRmoABvUQRPcgRZoAwRm4AW8gjftXfvQPrXFsrWg5TMnYA3a1w/u+6gQ</latexit>

uy (mm)
<latexit sha1_base64="ucthqJLXTbqkaFMSPB+E7kqjeW8=">AAACGnicZZDLSgMxFIYz9VbrrerSzeAguJCSkUrpruDGjVDBXqAzlEyatrG5DJNULcO8g1vFp3Enbt34NJpOh+LoDyFf/nNC/pwgZFRpCL+swsrq2vpGcbO0tb2zu1feP2grOY0waWHJZNQNkCKMCtLSVDPSDSOCeMBIJ5hczuudexIpKsWtnoXE52gk6JBipI3VhhVo1C87C4DQ/g9uBg7I1OyXv72BxFNOhMYMKdVzYaj9GEWaYkaSkjdVJER4gkakZ1AgTpQfp2kT+8Q4A3soI7OEtlP3940YcaVmPDCdHOmx+lubm8ta7qm5xYZnmjxqs3EqzBepMMGuU2xGMhctDnj+HI5nimJlTEEesOQciUHsaSKUyd1z/dgLeOy4SVJKJ1ZPZS+gVs2g7i4n1j6vuBcVeFN1Go1sdkVwBI7BKXBBDTTAFWiCFsDgDjyBZ/BivVpv1rv1sWgtWNmdQ5CT9fkD4ZGhuA==</latexit>�.����

<latexit sha1_base64="AOapzIncxkSDanbAqE+3KpNgLOI=">AAACG3icZVDLSgMxFM3UV62vqks3g4PgQktGKqW7ghs3QgX7gM5QMmnahuYxTFK1DPMRbhW/xp24deHXaDodiqMHQk7OvZd7coKQUaUh/LIKK6tr6xvFzdLW9s7uXnn/oK3kNMKkhSWTUTdAijAqSEtTzUg3jAjiASOdYHI1r3fuSaSoFHd6FhKfo5GgQ4qRNlLnHFZcCGG/7MAKTGH/J25GHJCh2S9/ewOJp5wIjRlSqufCUPsxijTFjCQlb6pIiPAEjUjPUIE4UX6c2k3sE6MM7KGMzBHaTtXfEzHiSs14YDo50mP1tzYXl7XcqrnEhmeaPGpzcSrMH6kwxm5S2oxkzloc8Pw7HM8UxcqIgjxgyTkSg9jTRCjju+f6sRfw2HGTpJQmVk9hL0itmpG6u0ysfVFxLyvwtuo0Gll2RXAEjsEpcEENNMA1aIIWwGACnsAzeLFerTfr3fpYtBasbOYQ5GB9/gBVmqHw</latexit>−�.����

<latexit sha1_base64="yYOHuHdbrgIwvTgv9pdxOewQzfE=">AAACG3icZZDLSgMxFIYzXmu9VV26GRwEF1oy0lK6K7hxI1SwF+gMJZOmbWguwyRVyzAP4VbxadyJWxc+jabToTj6Q8iX/5yQPycIGVUawi9rZXVtfWOzsFXc3tnd2y8dHLaVnEaYtLBkMuoGSBFGBWlpqhnphhFBPGCkE0yu5vXOPYkUleJOz0LiczQSdEgx0sbqXMAyrELYLzkGUtn/wc3AAZma/dK3N5B4yonQmCGlei4MtR+jSFPMSFL0poqECE/QiPQMCsSJ8uM0bmKfGmdgD2VkltB26v6+ESOu1IwHppMjPVZ/a3NzWcs9NbfY8FyTR202ToX5IxUm2E2KzUjmosUBz5/D8UxRrIwpyAOWnCMxiD1NhDK5e64fewGPHTdJiunE6qnsBdQqGdTd5cTal2W3Woa3FafRyGZXAMfgBJwBF9RAA1yDJmgBDCbgCTyDF+vVerPerY9F64qV3TkCOVmfP1xlofQ=</latexit>−�.����

Figure 5.8: Biaxial compression on a rock with a single crack: comparison between
phase-field and XFEM results.

�� �� �� �� �� �� ���

�.��

�.��

�.��

�.��

�.��

x coordinate (mm)

Sl
ip

(m
m
)

Phase-�eld
XFEM

(a) Slip

�� �� �� �� �� �� ���

��

��

��

x coordinate (mm)

D
ila
tio

n
(n
m
)

Phase-�eld
XFEM

(b) Dilation

Figure 5.9: Biaxial compression on a rock with a single crack: comparison between
phase-field and XFEM results in the slip and dilation along the discontinuity.
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Similar to the previous example, we examine the length sensitivity of the
phase-field method by repeating this problem with three values of the length
parameter: L = 0.8 mm, L = 0.4 mm and L = 0.2 mm. Figure 5.10 compares the
x- and y-displacement fields obtained with the three length parameter values.
It can be seen that the numerical solutions are almost the same and that the
relative displacement across the crack becomes sharper as the length parameter
decreases. It is thus again confirmed that the phase-field formulation is nearly
insensitive to the length parameter, as long as it is reasonably small.

<latexit sha1_base64="i2m4FWbqNvoqum+Dkc5E2s+Xm68=">AAACKHicZVBdS8MwFE3n15xfdT76UizCBBmtTMbeBvrgizDBfcA6SpplW1iTlibVjdC/4qvir/FN9uof0bQrw+mBkJNz7yXnHi/0CReWtdAKG5tb2zvF3dLe/sHhkX5c7vAgjhBuo8APop4HOfYJw21BhI97YYQh9Xzc9aY3ab37hCNOAvYo5iEeUDhmZEQQFEpy9XLsylliOALPhDQqlF4krm5aVSuD8Z/YOTFBjparfzvDAMUUM4F8yHnftkIxkDASBPk4KTkxxyFEUzjGfUUZpJgPZOY9Mc6VMjRGQaQOE0am/p6QkHI+p57qpFBM+N9aKq5qa1+lkj+6TDdTFyVMLUyYMnaf0VYUrFmTHl1/h5M5J4grkeFnFFAK2VCqoBhXvvv2QDoelaadJKUssUYGY0nqtZw07FVinauqfV21Hmpm8zbPrghOwRmoABvUQRPcgRZoAwRm4AW8gjftXfvQPrXFsrWg5TMnYA3a1w/tPKgP</latexit>

ux (mm)

<latexit sha1_base64="emlKCiflr98kCGwdxZ1EVhESmP4=">AAACG3icZZDLSgMxFIYz9VbrrerSzeAguNCSkUrpruDGjVDBXqAzlEyatqG5DJNULcM8hFvFp3Enbl34NJpOh+LoDyFf/nNC/pwgZFRpCL+swsrq2vpGcbO0tb2zu1feP2grOY0waWHJZNQNkCKMCtLSVDPSDSOCeMBIJ5hczeudexIpKsWdnoXE52gk6JBipI3VOYcV6ELYLzsGUtn/wc3AAZma/fK3N5B4yonQmCGlei4MtR+jSFPMSFLypoqECE/QiPQMCsSJ8uM0bmKfGGdgD2VkltB26v6+ESOu1IwHppMjPVZ/a3NzWcs9NbfY8EyTR202ToX5IxUm2E2KzUjmosUBz5/D8UxRrIwpyAOWnCMxiD1NhDK5e64fewGPHTdJSunE6qnsBdSqGdTd5cTaFxX3sgJvq06jkc2uCI7AMTgFLqiBBrgGTdACGEzAE3gGL9ar9Wa9Wx+L1oKV3TkEOVmfP1WZofA=</latexit>−�.����

<latexit sha1_base64="GyDO8FqMjJUY8n/mWgKJjxOslGk=">AAACGnicZZBNS8MwGMfT+Tbn29Sjl2IRPMhodWPsNvDiRZjgXmArI82ebXFJWppMHaXfwavip/EmXr34aTTryrD6h5Bf/s8T8s/jBYxKZdtfRm5ldW19I79Z2Nre2d0r7h+0pD8NCTSJz/yw42EJjApoKqoYdIIQMPcYtL3J5bzevodQUl/cqlkALscjQYeUYKWtll2yKxd2v2hpSGT+BycFC6Vq9IvfvYFPphyEIgxL2XXsQLkRDhUlDOJCbyohwGSCR9DVKDAH6UZJ2tg80c7AHPqhXkKZifv7RoS5lDPu6U6O1Vj+rc3NZS3z1NxiwzMFj0pvnAr9RSp0sOsEG6GfiRZ5PHsOxjNJidSmgAfic47FIOopEFLn7jpu1PN4ZDlxXEgmVktkLqBaTqHmLCfWOi85lZJ9U7bq9XR2eXSEjtEpclAV1dEVaqAmIugOPaFn9GK8Gm/Gu/GxaM0Z6Z1DlJHx+QPvJqHA</latexit>�.����

<latexit sha1_base64="L51PRmFt9iK5ABSb+6a8QOSL5aU=">AAACGnicZZDLSgMxFIYz9VbrrerSzeAguJAyKS2lu4IbN0IFe4F2KJk0bWNzGSapWoZ5B7eKT+NO3LrxaTSdDsXRH0K+/OeE/Dl+wKjSrvtl5dbWNza38tuFnd29/YPi4VFbyVmISQtLJsOujxRhVJCWppqRbhASxH1GOv70clHv3JNQUSlu9TwgHkdjQUcUI22stltyy7A6KDoGEtn/AabggFTNQfG7P5R4xonQmCGletANtBehUFPMSFzozxQJEJ6iMekZFIgT5UVJ2tg+M87QHsnQLKHtxP19I0JcqTn3TSdHeqL+1hbmqpZ5amGx0YUmj9psnArzRSpMsOsEm6HMRIt8nj0Hk7miWBlTkAcsOUdiGPU1Ecrk7kEv6vs8cmAcF5KJ1RPZS6hVUqjD1cTa5RKsltybitNopLPLgxNwCs4BBDXQAFegCVoAgzvwBJ7Bi/VqvVnv1seyNWeld45BRtbnD+8eocA=</latexit>�.����

L = 0.2 mmL = 0.4 mmL = 0.8 mm

(a) x-displacement

<latexit sha1_base64="IGS2VkQ1WdAEwz7WDI9dIoQfyXo=">AAACKHicZVBdS8MwFE3n15xfdT76UizCBBmtTMbeBvrgizDBfcA6SpplW1iTlibVjdC/4qvir/FN9uof0bQrw+mBkJNz7yXnHi/0CReWtdAKG5tb2zvF3dLe/sHhkX5c7vAgjhBuo8APop4HOfYJw21BhI97YYQh9Xzc9aY3ab37hCNOAvYo5iEeUDhmZEQQFEpy9XLsynliOALPhDQqlF4krm5aVSuD8Z/YOTFBjparfzvDAMUUM4F8yHnftkIxkDASBPk4KTkxxyFEUzjGfUUZpJgPZOY9Mc6VMjRGQaQOE0am/p6QkHI+p57qpFBM+N9aKq5qa1+lkj+6TDdTFyVMLUyYMnaf0VYUrFmTHl1/h5M5J4grkeFnFFAK2VCqoBhXvvv2QDoelaadJKUssUYGY0nqtZw07FVinauqfV21Hmpm8zbPrghOwRmoABvUQRPcgRZoAwRm4AW8gjftXfvQPrXFsrWg5TMnYA3a1w/u+6gQ</latexit>

uy (mm)
<latexit sha1_base64="ucthqJLXTbqkaFMSPB+E7kqjeW8=">AAACGnicZZDLSgMxFIYz9VbrrerSzeAguJCSkUrpruDGjVDBXqAzlEyatrG5DJNULcO8g1vFp3Enbt34NJpOh+LoDyFf/nNC/pwgZFRpCL+swsrq2vpGcbO0tb2zu1feP2grOY0waWHJZNQNkCKMCtLSVDPSDSOCeMBIJ5hczuudexIpKsWtnoXE52gk6JBipI3VhhVo1C87C4DQ/g9uBg7I1OyXv72BxFNOhMYMKdVzYaj9GEWaYkaSkjdVJER4gkakZ1AgTpQfp2kT+8Q4A3soI7OEtlP3940YcaVmPDCdHOmx+lubm8ta7qm5xYZnmjxqs3EqzBepMMGuU2xGMhctDnj+HI5nimJlTEEesOQciUHsaSKUyd1z/dgLeOy4SVJKJ1ZPZS+gVs2g7i4n1j6vuBcVeFN1Go1sdkVwBI7BKXBBDTTAFWiCFsDgDjyBZ/BivVpv1rv1sWgtWNmdQ5CT9fkD4ZGhuA==</latexit>�.����

<latexit sha1_base64="AOapzIncxkSDanbAqE+3KpNgLOI=">AAACG3icZVDLSgMxFM3UV62vqks3g4PgQktGKqW7ghs3QgX7gM5QMmnahuYxTFK1DPMRbhW/xp24deHXaDodiqMHQk7OvZd7coKQUaUh/LIKK6tr6xvFzdLW9s7uXnn/oK3kNMKkhSWTUTdAijAqSEtTzUg3jAjiASOdYHI1r3fuSaSoFHd6FhKfo5GgQ4qRNlLnHFZcCGG/7MAKTGH/J25GHJCh2S9/ewOJp5wIjRlSqufCUPsxijTFjCQlb6pIiPAEjUjPUIE4UX6c2k3sE6MM7KGMzBHaTtXfEzHiSs14YDo50mP1tzYXl7XcqrnEhmeaPGpzcSrMH6kwxm5S2oxkzloc8Pw7HM8UxcqIgjxgyTkSg9jTRCjju+f6sRfw2HGTpJQmVk9hL0itmpG6u0ysfVFxLyvwtuo0Gll2RXAEjsEpcEENNMA1aIIWwGACnsAzeLFerTfr3fpYtBasbOYQ5GB9/gBVmqHw</latexit>−�.����

<latexit sha1_base64="yYOHuHdbrgIwvTgv9pdxOewQzfE=">AAACG3icZZDLSgMxFIYzXmu9VV26GRwEF1oy0lK6K7hxI1SwF+gMJZOmbWguwyRVyzAP4VbxadyJWxc+jabToTj6Q8iX/5yQPycIGVUawi9rZXVtfWOzsFXc3tnd2y8dHLaVnEaYtLBkMuoGSBFGBWlpqhnphhFBPGCkE0yu5vXOPYkUleJOz0LiczQSdEgx0sbqXMAyrELYLzkGUtn/wc3AAZma/dK3N5B4yonQmCGlei4MtR+jSFPMSFL0poqECE/QiPQMCsSJ8uM0bmKfGmdgD2VkltB26v6+ESOu1IwHppMjPVZ/a3NzWcs9NbfY8FyTR202ToX5IxUm2E2KzUjmosUBz5/D8UxRrIwpyAOWnCMxiD1NhDK5e64fewGPHTdJiunE6qnsBdQqGdTd5cTal2W3Woa3FafRyGZXAMfgBJwBF9RAA1yDJmgBDCbgCTyDF+vVerPerY9F64qV3TkCOVmfP1xlofQ=</latexit>−�.����

L = 0.2 mmL = 0.4 mmL = 0.8 mm

(b) y-displacement

Figure 5.10: Biaxial compression on a rock with a single crack: length sensitivity study.

5.5.3 Biaxial compression on a rock with two non-intersecting cracks

We extend the previous example to a domain with two non-intersecting cracks,
adding a horizontal crack to the left side of the existing one. The specific location
of the additional crack is shown in Fig. 5.11. We then repeat the same biaxial
compression problem, with L = 0.2 mm and L/h = 10.

Figure 5.12 compares the phase-field and XFEM solutions to this problem.
We find that the phase-field and XFEM results remain nearly identical for prob-
lems with multiple discontinuities. While not presented, we have also con-
firmed that the results show very little sensitivity to the phase-field length pa-
rameter as before.
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<latexit sha1_base64="ooROrAGWKsbvOsQRe1B637gxUZc=">AAACInicZVBdS8MwFE39nPNr6qMvxSFMkNHKcO5t4IsvwgT3AWsdaZZtYU1SmlQtof/DV8Vf45v4JPhfNOvKsHog5OTce7knxwt8IqRlfRpLyyura+uFjeLm1vbObmlvvyN4FCLcRtznYc+DAvuE4bYk0se9IMSQej7uetPLWb17j0NBOLuVcYBdCseMjAiCUkt3zgRKFSUDFScVeTIola2qlcL8T+yMlEGG1qD07Qw5iihmEvlQiL5tBdJVMJQE+TgpOpHAAURTOMZ9TRmkWLgqdZ2Yx1oZmiMe6sOkmaq/JxSkQsTU050Uyon4W5uJi1pu1UzyR6cSP0p9UcL0VwnTxq5T2gp5zpryaP4dTGJBkNAiww+IUwrZUDkSM6F9921XOR5VZTtJimlijRTmnNRrGWnYi8Q6Z1X7vGrf1MrNiyy7AjgER6ACbFAHTXAFWqANEAjBE3gGL8ar8Wa8Gx/z1iUjmzkAORhfP8Rwpn8=</latexit>

ûy(t)

<latexit sha1_base64="zLcE/oRRdGY/fYmiXH4I9EPaMe8=">AAACHHicZVDLSgMxFM34rPVVdelmcBBcSJmR0tJdwY0boYJ9QGcsmTRtQ/MYklQtw/yEW8WvcSduBb9G0+lQHD0QcnLuvdyTE0aUKO26X9bK6tr6xmZhq7i9s7u3Xzo4bCsxlQi3kKBCdkOoMCUctzTRFHcjiSELKe6Ek8t5vXOPpSKC3+pZhAMGR5wMCYLaSN2qe+cjIlG/5LhlN4X9n3gZcUCGZr/07Q8EmjLMNaJQqZ7nRjqIodQEUZwU/anCEUQTOMI9QzlkWAVx6jexT40ysIdCmsO1naq/J2LIlJqx0HQyqMfqb20uLmu5VXOJDs81ftTmYoSbTxJujF2ntClFzlocsvw7Gs8UQcqIHD8gwRjkg9jXmCvju+cFsR+y2PGSpJgmVk9hL0itkpG6t0ysfVH2qmXvpuI0Kll2BXAMTsAZ8EANNMAVaIIWQICCJ/AMXqxX6816tz4WrStWNnMEcrA+fwDzOKNl</latexit>

��○

<latexit sha1_base64="zsnz6BjhpKfDExITYfSQSvh+vgM=">AAACIXicZVBdS8MwFE39nPNr6qMvxSH4IKOR6dzbwBdfBhXcB6xlpFm2hSVpbTJ1lP4OXxV/jW/im/hjNO3KsHog5OTce8m5xwsYlcqyPo2l5ZXVtfXCRnFza3tnt7S335b+NMSkhX3mh10PScKoIC1FFSPdICSIe4x0vMlVUu/ck1BSX9yqWUBcjkaCDilGSkvuueko8qgis2mjuF8qWxUrhfmfwIyUQQa7X/p2Bj6eciIUZkjKHrQC5UYoVBQzEhedqSQBwhM0Ij1NBeJEulFqOjaPtTIwh36oj1Bmqv6eiBCXcsY93cmRGsu/tURc1HJfJRIbniaL6YtToTelQhtrptQO/Zy1yOP5dzCeSYqlFgV5wD7nSAwinZOQ2ncPupHj8agM47iYJlZPYc5JrZqROlwk1j6rwIsKvKmWG5dZdgVwCI7ACYCgBhrgGtigBTC4A0/gGbwYr8ab8W58zFuXjGzmAORgfP0Ax+SlZg==</latexit>�MPa<latexit sha1_base64="zsnz6BjhpKfDExITYfSQSvh+vgM=">AAACIXicZVBdS8MwFE39nPNr6qMvxSH4IKOR6dzbwBdfBhXcB6xlpFm2hSVpbTJ1lP4OXxV/jW/im/hjNO3KsHog5OTce8m5xwsYlcqyPo2l5ZXVtfXCRnFza3tnt7S335b+NMSkhX3mh10PScKoIC1FFSPdICSIe4x0vMlVUu/ck1BSX9yqWUBcjkaCDilGSkvuueko8qgis2mjuF8qWxUrhfmfwIyUQQa7X/p2Bj6eciIUZkjKHrQC5UYoVBQzEhedqSQBwhM0Ij1NBeJEulFqOjaPtTIwh36oj1Bmqv6eiBCXcsY93cmRGsu/tURc1HJfJRIbniaL6YtToTelQhtrptQO/Zy1yOP5dzCeSYqlFgV5wD7nSAwinZOQ2ncPupHj8agM47iYJlZPYc5JrZqROlwk1j6rwIsKvKmWG5dZdgVwCI7ACYCgBhrgGtigBTC4A0/gGbwYr8ab8W58zFuXjGzmAORgfP0Ax+SlZg==</latexit>�MPa

Figure 5.11: Biaxial compression on a rock with two non-intersecting cracks: geometry
and boundary conditions.
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Figure 5.12: Biaxial compression on a rock with two non-intersecting cracks: compari-
son between phase-field and XFEM results.
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5.5.4 Biaxial compression on a rock with two intersecting cracks

As our final example for verification, we consider intersecting discontinuities—a
challenging yet common scenario in geomechanics. For this purpose, we mod-
ify the previous example by relocating and elongating the horizontal crack, as
shown in Fig. 5.13. The crack normal and tangential directions at a quadrature
point near the intersection are assigned to be those of the discontinuity closer to
the quadrature point at hand.
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Figure 5.13: Biaxial compression on a rock with two intersecting cracks: geometry and
boundary conditions.

The phase-field and XFEM results for this problem are compared in Fig. 5.14.
The comparison shows that, even when the cracks are intersecting, the phase-
field method provides a numerical solution very similar to an XFEM solution.
The simulation result is also qualitatively correct in that the intersection inhibits
the slip of the inclined crack, which has also been observed by C. Liu et al. (2019).

At this point, we note that Newton’s method shows optimal convergence
for all the numerical results in this section. As an example, Fig. 5.15 shows the
Newton convergence profiles during the first load step—in which the crack is in
the nonlinear elastic regime—and the last load step—in which the crack is in the
inelastic regime—of this problem. Regardless of the regime, Newton’s method
converges after five iterations, showing asymptotically quadratic rates. These
results affirm that the tangent operators presented in Section 5.4 are correct.

5.5.5 Fracture propagation from preexisting cracks under biaxial compres-
sion

Having verified the phase-field formulation with stationary discontinuity prob-
lems, we now apply it to fracture propagation problems. For this purpose, we
extend the last two verification examples—domains with two non-intersecting
cracks (Fig. 5.11) and two intersecting cracks (Fig. 5.13)—by allowing cracks to
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Figure 5.14: Biaxial compression on a rock with two intersecting cracks: comparison
between the phase-field and XFEM results.
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Figure 5.15: Biaxial compression on a rock with two intersecting cracks: Newton con-
vergence profiles during the first load step and the tenth (last) load step.
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nucleate and propagate. We set the critical tensile fracture energy as Gc = 13
J/m2 and the peak tensile strength as sp = 3.2 MPa. We now solve the phase-
field evolution equation (5.65) in each load step, with the staggered solution
scheme (Miehe, Hofacker, et al., 2010). To ensure that the staggered solution is
sufficiently accurate, we reduce the compression rate to 0.002 mm. Other prob-
lem conditions remain unchanged. Figures 5.16 and 5.17 present simulation
results of crack growth from non-intersecting cracks and intersecting cracks,
respectively. In both cases, cracks emerge around the center of the horizontal
crack, and wing cracks grow from the tips of the preexisting discontinuities.
The resulting cracking patterns are highly complex, similar to experimental ob-
servations from compression tests on rock specimens with preexisting rough
discontinuities (see Fig. 8 in Asadizadeh et al., 2019 for example). The ability to
simulate such complex cracking patterns without any surface tracking algorithm
is indeed the main advantage of the phase-field method over discrete methods.
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Figure 5.16: Fracture propagation from non-intersecting cracks under biaxial compres-
sion: phase-field evolution at different load steps.
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Figure 5.17: Fracture propagation from intersecting cracks under biaxial compression:
phase-field evolution at different load steps.

5.6 Closure

We have developed the first framework for incorporating roughness-induced
deformation behavior of rock discontinuities in phase-field modeling. The key
idea is to transform a displacement-jump-based discrete constitutive model for
discontinuities—the standard approach in rock mechanics—into a strain-based
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continuous model. No additional parameter is introduced in this transforma-
tion. We then cast the strain-based constitutive model into a phase-field formu-
lation for frictional interfaces. It has been verified that the proposed phase-field
framework provides nearly identical numerical solutions to those obtained by a
well-established discrete method, for a variety of problems ranging from shear-
ing of a single discontinuity to compression of a fractured rock with intersecting
cracks. Also demonstrated is the capabilities of the phase-field formulation for
simulating complex crack growth from rough discontinuities, without any algo-
rithm to explicitly represent crack geometry. This work has thus constructed an
unprecedented bridge between discrete constitutive models for rough disconti-
nuities and state-of-the-art phase field methods.
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Chapter 6 Closure

6.1 Summary

This thesis has introduced a suite of phase-field approaches to ensure more sys-
tematic and reliable modeling of discontinuities and fractures in geologic ma-
terials. In the development of these new approaches, we focused on realizing
the critical features of geologic fractures that have been dismissed in the pre-
vious phase-field modeling. These critical features including the frictional con-
tact, quasi-brittleness, mode mixity of rock cracking, and roughness effects, were
carefully considered in the proposed phase-field formulations in Chapters 2, 3,
4, and 5. We thus provide a summary of these chapters below.

In Chapter 2, we developed the first phase-field method to model the dis-
continuities involving frictional contact. The formulation essentially relied on
a weighted average of the stresses in the solid matrix and the diffusely inter-
face region. To satisfy contact constraints, we devised a novel stress calculation
method, which computed the stress in the interface region according to the spe-
cific contact condition in an interface-oriented coordinate system. We further
verified the proposed phase-field method by comparing its results with those
obtained from the well-established discrete crack method (e.g. extended finite el-
ement method). We also simulated the propagation from a crack with frictional
contact to demonstrate that the phase-field method could efficiently model the
crack growth without any tracking algorithms and enrichment functions.

Chapter 3 extended the formulation developed in Chapter 2 to modeling
evolving shear fracture with pressure-dependent friction. By incorporating the
friction dissipation in the fracture propagation mechanism, we showcased that
the resulting formulation is consistent with the theory of Palmer and Rice (1973).
We also devised a new degradation function and threshold fracture energy to
ensure a length-insensitive material strength. Accordingly, the proposed phase-
field method could well capture the quasi-brittleness of geologic materials, which
had prescribed strengths. Numerical examples revealed three important fea-
tures of the new phase-field method, namely the effects of friction in fracturing
and sliding, length-insensitive material properties, and pressure-dependent ma-
terial strengths.

Subsequently, in Chapter 4, we introduced a double-phase-field approach
that combined the frictional shear fracture model introduced in Chapter 3 and
the cohesive tensile fracture model (Geelen et al., 2019; J.-Y. Wu, 2017) to simu-
late the mixed-mode rock cracking process. The formulation consisted of three
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important procedures. They were: (i) stress calculation based on the crack-
oriented coordinate system; (ii) formulation of the total potential energy accord-
ing to the contact condition; (iii) determination of the dominant fracture mode
following F -criterion. Validation examples demonstrated that the proposed
method is capable to reproduce the experimental results both qualitatively and
quantitatively. Also, results showed that the double-phase-field model can accu-
rately distinguish between the tensile and shear fracture. Given this outstanding
feature, we thus believed that the proposed model could advance our under-
standing of the crack propagation and coalescence in fractured rock masses.

Lastly, Chapter 5 presented a modeling framework for the phase-field method
to model rock fractures with roughness. Built upon the frictional contact for-
mulation developed in Chapter 2, the framework reformulated an originally
displacement-jump-based constitutive model of rock cracks into a continuous
strain-based version without introducing new parameters. As demonstrated
by verification examples, the proposed phase-field framework could accurately
model the featured behavior of rough rock cracks, such as the elastic joint defor-
mation due to asperity interlocking, and shear-induced dilation.

Conclusively, the above chapters provided phase-field approaches honor-
ing the following characteristics of geologic discontinuities and fractures:

• Pressure-dependent friction, and its role in fracturing process.

• Quasi-brittleness of geologic materials.

• Mixed-mode rock cracking pattern.

• Roughness-induced phenomena of rock cracks, e.g. asperity abrasion, in-
terlocking, dilation, etc.

The novel contributions of these proposed phase-field methods can undoubt-
edly promote the development of experiment, numerical investigation, and en-
gineering application that involve geologic materials containing discontinuities
and fractures.

6.2 Future work

This last section briefly discusses the potential extensions of the present work in
respect of four aspects, namely the modeling of dynamics, modeling of the in-
terface between dissimilar materials, large deformation modeling, multiphysics
modeling, and applications.

144



On the modeling of dynamics

In all previous chapters, we assumed that the system experiences a quasi-static
process. However, this assumption may be invalid in a number of geotechnical
problems involving significant dynamic effects, such as fault rupture, soil lique-
faction, and landslides. Also, as shown in laboratory tests (Z. Zhang et al., 1999),
the higher loading rate applied on the rock specimen may lead to crack branch-
ing phenomenon that cannot be observed in the quasi-static case. Therefore, it
is necessary to integrate the dynamics of cracks into the formulations of present
work to ensure more accurate simulation.

The standard approach to consider the dynamic effects in the phase-field
modeling is to introduce the inertial term in the momentum balance equation,
see Borden et al. (2012) and Geelen et al. (2019). A viscous term may also be
included in the microforce balance equation to honor the rate-dependence of
fracture propagation. Following these procedures, existing phase-field studies
have already produced the crack branching in quasi-brittle materials (Geelen
et al., 2019). Yet these studies are limited to frictionless, tensile fractures. So it
motivates us to extend our formulations of frictional shear cracks and mixed-
mode rock cracks by adding inertial effects.

In addition to the modification of field equations, we should also carefully
consider the constitutive behavior of geologic fractures that might be associated
with dynamic effects. For example, in the modeling of fault rupture dynamics,
a rate- and state-dependent friction is usually adopted to describe the consti-
tutive behavior of geologic faults. This advanced friction model has been in-
corporated into the phase-field contact formulation by Bryant and Sun (2021),
but their formulation is limited to quasi-static condition. Thus, developing a
dynamic phase-field formulation for such geologic discontinuities that involve
complex friction is also a valuable research topic.

On the modeling of the interface between dissimilar materials

Geologic discontinuities also widely exist in the form of the interface between
dissimilar materials. Notable examples include the fault separating materials
with different elastic parameters, and the grain boundary in polycrystalline ma-
terials. In the following, we restrict the discussion on the modeling of faults
between dissimilar materials.

The presence of the fault between dissimilar materials is critical to many im-
portant phenomena in earthquake rupture dynamics. For example, the material
asymmetry across the fault can give rise to the coupling between the fault slip
and the normal stress change (Cochard & Rice, 2000; Dunham & Rice, 2008; Rud-
nicki & Rice, 2006), which further leads to unstable slip (Weertman, 1980). Yet
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we seldom study the problem involving dissimilar materials across the interface
in previous numerical examples, but simply assume the material as homoge-
neous and identical. One exception is presented in Section 2.4.3, which shows
a discontinuity separating the elastic block and the rigid foundation. However,
it is limited to the simple Coulomb friction without considering more complex
physics, e.g. the coupling between the normal stress change and the slip. There-
fore, we first discuss the possibility to incorporate such coupling in our pro-
posed phase-field models.

One option to account for the coupling between the normal stress change
and the slip is to incorporate the regularized friction law applied in Cochard and
Rice (2000). This particular friction law provides the regularization for solving
the potential ill-posedness in the numerical modeling of material contrast. We
note that this friction law is incompatible with the phase-field method, as it is
devised for a sharp discontinuity. To address this issue, we can follow the ap-
proximation strategy proposed in Chapter 5. Accordingly, we can transform the
coupling between the normal stress change and the slip into the version that is
compatible with the diffusive phase-field fault. One concern arising from this
coupling is whether it may affect the interpolation of the normal stress between
the fractured and intact regions. As discussed in Chapter 2, to ensure the no-
penetration constraint, we do not degrade the normal stress across the fracture.
So the intact and fractured regions will have the same normal stress given the
same strain tensor. Therefore, this coupling between the normal stress and slip
will not impact the normal stress interpolation in the phase-field method.

On the large deformation modeling

This work also assumed an infinitesimal deformation of materials throughout
all chapters. Unfortunately, this assumption may not hold when studying prob-
lems that consist of large deformation. Notable examples include landslides and
ground collapse. Thus, in the modeling of such problems, the proposed phase-
field method may produce incorrect results and even encounter the convergence
problem. To remedy these issues, it is important to upgrade the phase-field for-
mulations presented in this work to the finite deformation version.

The phase-field method for modeling finite deformation of tensile cracks
has already been developed in the standard finite element method (Hesch &
Weinberg, 2014; Miehe, Schaenzel, et al., 2015). Therefore, we can follow the
same procedure to build up the finite deformation formulation for the phase-
field methods in Chapters 2, 3, 4, and 5.

While incorporating finite deformation into the phase-field formulation is
straightforward, the excessive deformation (e.g. slope runoff along the sliding
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surface) may cause significant mesh distortion in the standard finite element
method. An alternative way is to apply a popular meshfree method called ma-
terial point method (MPM). The MPM does not suffer mesh distortion, because
the quantities are stored in the moving material points without deforming the
background mesh. Researchers (Kakouris & Triantafyllou, 2017) have devel-
oped the phase-field material point method for the tensile crack propagation.
It is also worthwhile to combine the phase-field formulation for geologic shear
fracture as introduced in Chapter 3 and the MPM, given that the growth of slip
surface in slopes usually involves large material deformation.

On the multiphysics modeling

In this work, all formulations introduced were restricted to the dry solid under
an isothermal condition. Nevertheless, subsurface geologic materials and the
fractures therein are fluid-infiltrated and experience great temperature change.
Importantly, this presence of fluids and thermal variation may give rise to a
number of critical phenomena, e.g. thermal pressurization (Rempel & Rice, 2006;
Viesca & Garagash, 2015). So the development of a thermo-hydro-mechanical
model coupled with the phase-field approaches presented here can be an inter-
esting and meaningful topic.

We begin with the discussion about the coupling with hydrology. For the
hydromechanical modeling of fractured geologic material, an important chal-
lenge is how to model the fracture flow. In the discrete crack setting, the contri-
bution of fracture flow in the weak form of equations is represented as a surface
integral. However, this surface integral is hard to evaluate in the phase-field
method, as no explicit surface boundary is defined in the diffusive crack. To ap-
proximate this surface integral, previous studies (Chukwudozie et al., 2019; S.
Lee et al., 2016; Santillán et al., 2018) have proposed different approaches, which
gave relatively good results. Even so, all of these studies require the calculation
of crack aperture, which is still an unresolved issue in the phase-field modeling
of hydraulic fracturing (Yoshioka et al., 2020). Therefore, we should carry out
more investigations on the modeling of fracture flow, especially on the aperture
calculation.

We further discuss the coupling with the temperature field. The formula-
tion of the problem under an non-isothermal condition can be quite onerous due
to the complexities from multiple aspects. First, a thermodynamically consistent
formulation should be established to take account of the dissipation from frac-
turing and frictional sliding. This energy dissipation can undoubtedly vary the
local temperature field, and contribute to some notable phenomena, e.g. flash
heating (Viesca & Garagash, 2015). The most critical challenge comes from the
complex thermal effects on the constitutive behavior of bulk matrix materials,
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fracture, and fluid. Experimental evidence has shown that a higher tempera-
ture can result in the softening of geologic materials (Masri et al., 2014), and
the reduction of fracture strength (Goldsby & Tullis, 2011). Pore pressure can
also elevate upon heating due to the thermal expansion of pore fluids. Thus, a
comprehensive literature study with respect to these thermal effects should be
conducted before building up the formulation.

On the application

All formulations introduced in this thesis are applicable for modeling three-
dimensional problems, although numerical examples presented only consid-
ered the responses in a plane strain condition. It is noted that in-situ geologic
materials are usually subject to a three-dimensional loading condition with all
three principal stresses different in their values. Also, researchers have observed
that the intermediate principal stress can influence the strength of geologic ma-
terials (Issen & Challa, 2008; Ma & Haimson, 2016; Pan et al., 2012). Such
intermediate-stress effect thus motivates us to apply the present work to the
three-dimensional modeling.

Another application of the proposed phase-field work is to investigate the
field-scale geologic fractures. Modeling field-scale problems has long been a
challenging task in the computational geomechanics community. The major
challenge can be attributed to the significant computational cost arisen from the
complex crack-tracking algorithms and the strict mesh resolution to resolve the
material-related length scale. The proposed phase-field approaches, however,
can address this issue from two aspects. First, as emphasized earlier, the ma-
jor advantage of the phase-field method lies in its capability to model fracture
propagation without any explicit tracking. Second, the formulations introduced
in Chapters 3 and 4 result in length-independent material behavior. Thus, the
phase-field length parameter is no longer material-related, and we can adopt a
relatively larger length parameter and a coarser mesh scheme to model field-
scale problems. These two features reflect the great potential of the proposed
phase-field approaches in the application of field-scale simulation.
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Appendix A Analysis of the phase-field model in 1D
simple shear

This section provides mathematical analyses of the proposed phase-field model
of frictional shear fracture in Chapter 3 in terms of fracture energy dissipation
and slip displacement. Drawing heavily on the methodology of Geelen et al.
(2019) for 1D analysis of their phase-field model of cohesive opening fracture,
we analyze our own model of shear fracture in a 1D simple shear setting.

A.1 Fracture energy dissipation

To find an expression for the energy dissipated during fracturing in our phase-
field model, we recall the equations and notations of the 1D simple shear prob-
lem discussed in Section 3.2.4 and the conclusion of L = 0. At a material point
where shear fracture is fully formed, i.e. d⇤ = 1, the shear stress therein is equal
to the residual shear strength, i.e. t = tr. In this case, Eq. (3.38) reduces to

du(x) = L2
✓

ddu(x)
dx

◆2

, (A.1)

where du(x) denotes the ultimate distribution of d along the interface normal
direction. The energy dissipated by fracturing along the x-direction is calculated
as

Dfrac =
Z

W
GI Ig(d, rd)dV =

Z b

�b

3GI I

8

"
du(x)

L
+ L

✓
ddu(x)

dx

◆2
#

dx. (A.2)

Then, by inserting Eq. (A.1) into Eq. (A.2) and invoking the symmetry of du(x),
we get
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This proves that the fracture energy dissipation equals the shear fracture energy,
GI I , as prescribed in the model. This equivalence has also been verified numeri-
cally through the first example in Section 3.4.

A.2 Slip displacement

We further derive the apparent slip displacement of the phase-field model based
on the 1D simple shear problem. To this end, let us first consider the total dis-
placement u⇤ at the free end of the 1D domain undergoing simple shear. When
the maximum value of d is d⇤, we can calculate u⇤ by integrating the shear strain
over the height of the domain (h), i.e.

u⇤ =
Z h/2

�h/2
g dx = 2

Z h/2

0
g dx. (A.4)

Recalling tbulk = Gg as well as Eq. (3.32), g can be expressed as

g =
t � tr

Gg(d)
+

tr

G
. (A.5)

Inserting the above equation into Eq. (A.4), u⇤ can be written as

u⇤ =
2
G

Z h/2

0

✓
t(d⇤)� tr

g(d)
+ tr

◆
dx, (A.6)

with an assumption that G is constant across the height of the domain. From the
degradation function (3.29), we have

1
g(d)

= 1 + f(d), where f(d) :=
md(1 + pd)
(1 � d)n . (A.7)

Substituting this expression into Eq. (A.6) gives
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In the above equation, the first term on the right hand side corresponds to the
continuous shear deformation, whereas the second term to the discontinuous
slip displacement, which will be denoted by d in the following. By changing the
integration variable from dx to dd, we can write d alternatively as

d =
2[t(d⇤)� tr]

G

Z h/2

0
f(d)

dx
dd

dd. (A.9)
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Combining Eqs. (3.41) and (3.38) and noting that L = 0, we obtain

dd
dx

= �M(d⇤, d)1/2, where M(d⇤, d) :=
1
L2


d �

g(d)�1
� 1
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�
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Substituting Eq. (A.10) into Eq. (A.9) gives
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We then insert t(d⇤) in Eq. (3.45) into Eq. (A.11) and arrive at
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Remarkably, the coefficient of the final expression, GI I/(tp � tr), is equal to the
characteristic slip displacement derived in Palmer and Rice (1973) (denoted by
d̄ therein).
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Appendix B Derivatives in return mapping for
phase-field modeling of rough fractures

This appendix describes how to calculate the derivatives in the return mapping
algorithm described in Section 5.4.3. Firstly, the derivatives of the yield and
potential functions (Eqs. (5.54) and (5.55), respectively) are given by

∂F
∂� f

=
1
2
↵+ sN,n

∂ tan(fb + wy)
∂� f

, (B.1)

∂2G
∂� f ⌦ ∂� f
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∂� f
⌦(n⌦n). (B.2)
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∂� f ∂Dl
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∂Dl
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In the specific constitutive model employed herein (J. A. White, 2014), the fric-
tion angle and dilation angle are independent of stress. Thus,

∂ tan(fb + wy)
∂� f

= 0, (B.4)

∂ tan y

∂� f
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In this case, Eqs (B.1) and (B.2) simplify to
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↵, (B.6)
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Next, we calculate the derivatives of the friction and dilation angles with respect
to the discrete plastic multiplier Dl. Using chain rule, we get
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Considering the discrete form of the plastic multiplier, i.e. l = ln + Dl, we can
simplify the above equations as
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, (B.10)
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Combining the flow rule in Eq. (5.56) and Eq. (5.33) gives
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Inserting the above equation into Eqs. (B.10) and (B.11) gives
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For the particular constitutive model we employed (J. A. White, 2014), the spe-
cific expressions of the above equations are given by (cf. Eqs. (5.57)–(5.59))
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